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CHAPTER I
GOAL AND ORGANIZATION OF DISSERTATION
1.1

Goal of this Research
As designs advance in the aerospace field there is a continual need for lighter

materials with superior strength and fatigue resistance. Some alloys are now designed
specifically to exhibit rough fracture surfaces in order to take advantage of the additional
fatigue crack closure caused by roughness. While the alloys with these properties are
present, engineering design tools to make design calculations considering the effects of
this additional closure due to roughness are nonexistent.
The goal of this work is to create an engineering design tool that can provide
estimates of fatigue crack growth behavior in alloys exhibiting a rough fracture surface
for large amounts of crack growth.
1.2

Organization of Dissertation
This dissertation is organized into independent subsections of information. While

there may be interdependence between some sections, the goal is for the reader to be able
to quickly access the information they require.
Chapter I describes the goal of this research and the organization of this
document.
Chapter II provides basic information on fatigue concepts which are used in crack
closure modeling including: fatigue loading, stress intensity factor, Paris law, dominant

1

mechanisms of crack closure, the Dugdale model, the Modified Strip-Yield model, and
weight functions.
Chapter III provides a literature review of roughness induced crack closure
models that have been developed in the past. A short description of those models and
some important features are given.
Chapter IV focuses on discussion of a Modified Strip-Yield model developed by
Chen and Lawrence [1-2] which provides the foundation for this work.
Chapter V describes verification via analytical solution and finite element studies
that the weight function based approach is capable of accurately providing the
information required to develop the fatigue crack growth model in this work.
Chapter VI describes how different concepts were combined to produce a fatigue
crack growth model considering concurrently roughness and plasticity induced fatigue
crack closure.
Chapter VII describes a design and analysis of computer experiments approach to
understand the effects of different parameters on output in the newly developed fatigue
crack growth model.
Chapter VIII describes what was found using the newly developed model and
identifies work that needs to be done to further develop the model.

2

CHAPTER II
BACKGROUND INFORMATION
2.1

Fatigue Loading
Consider a component subjected to the loading shown below in Figure 2.1. A

point in the component experiences a stress which varies in time. The maximum and
minimum stresses are not symmetric about the time axis and the ratio of minimum and
maximum stress is defined as a stress ratio, R. Using a maximum stress and the stress
ratio, a stress spectrum for a material point under constant amplitude loading in a
component can be defined.

Figure 2.1

Constant amplitude fatigue stress spectrum

3

As the material point is cycled between the maximum and minimum stress, a
fatigue crack may initiate at a critical material point. Depending on the loading, this crack
may grow, further damaging the material. Fatigue damage is normally divided into three
different classifications:
Initiation – due to repeated loading a crack forms in the material.
Crack Propagation – under continued stress cycling, the crack continues to grow.
Final Fracture – the crack has become large enough that the component strength is
compromised such that fracture occurs.
For a component subjected to varying loads, the useful life is spent in the
initiation and crack propagation stages. Most fatigue crack growth modeling only
considers the propagation stage of the fatigue life. However, it is understood that
initiation also accounts for a significant portion of component life as well.
For steel and titanium alloy systems, design for fatigue resistance usually involves
designing members such that the service stresses are below a stress level referred to as
the fatigue endurance limit. Below the endurance limit, it is assumed and supported by
experimental data that a fatigue crack will not form within the intended service life. For
other alloy systems an endurance limit does not exist and typically a damage tolerant
design approach is used. This approach assumes a defect exists and monitors the size of
the defect as the component is cycled. As long as the defect is not large enough to induce
component failure, the defect is tolerated.
2.2

Stress Intensity Factor
As a fatigue crack grows in a component, two things are occurring. First, the

stress is oscillating between a maximum and minimum value. Second, if the cyclic
4

stresses are constant, as the crack gets longer the severity of the stress at the sharp crack
tip increases. A parameter is needed to concurrently consider the effect of the applied
stress and the size of the crack. This parameter is the stress intensity factor (K).
The stress intensity factor originates from the elastic solution for the stress field
around the tip of a crack in an infinite body [3]. It always takes the form shown by
equation 2.1. In equation 2.1, F is a geometry factor which differentiates between
different geometries. For an infinite center cracked body, F is equal to unity.
K = σ π aF

2.3

(2.1)

Paris Law
Paris et al. [4] studied fatigue crack growth and noticed that if the crack growth

rate (da/dN) was plotted against the stress intensity factor on log-log axes, the data would
form a sigmoidal curve like Figure 2.2. The curve is made of three distinct regions
labeled in Figure 2.2 as I, II, and III. Region I is known as the fatigue threshold region. In
this region, a threshold stress intensity factor range below which a crack will not
propagate is defined. Region II is a linear region. This region is known as the Paris region
of fatigue crack growth. In the Paris region, the fatigue crack growth rate is related to the
stress intensity factor range by a power law (the Paris law) as shown in figure 2.2. Region
III is an area where the fatigue crack growth rates are very high, approaching instability.
Very little fatigue life is left once region III has been entered and fracture soon occurs.
Although the use of ΔK provided a means to quantify/understand fatigue crack
growth data and apply test data to predict component performance, ΔK is not a perfect
parameter to quantify fatigue crack growth data. This is because as the load ratio is
changed, the fatigue crack growth rate curve will shift as illustrated by figure 2.3.
5

Figure 2.2

Fatigue crack growth rate versus stress intensity factor range.

Figure 2.3

Fatigue crack growth rate versus applied stress intensity factor range.
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2.4

Plasticity Induced Fatigue Crack Closure
The fatigue crack growth rate curve shifts when the load ratio is changed because

fatigue crack growth is in fact caused by cyclic plastic deformation of material around a
crack tip. Consider figure 2.4. Step 1 shows a crack of length a. When the component is
loaded, the crack opens and a plastic zone is formed at the crack tip as shown by step 2.
At the maximum load, a small part of the plastic zone fractures forming a new free
surface as shown by steps 3 and 4. When the loading returns to minimum as shown by
step 5, the new free surfaces will contact before the minimum stress is reached, propping
the crack open.

Figure 2.4

Plasticity induced fatigue crack closure.

This behavior was observed by Elber [5]. While conducting fatigue tests, Elber
observed that the fatigue crack surfaces would contact before the minimum stress was
reached. Elber postulated that only the loading when the crack is fully open contributes to
crack growth, defining an effective stress and stress intensity factor range as illustrated in
figure 2.4. In figure 2.4, σopen is the stress which fully opens the crack rendering the crack
tip unprotected from damage. To quantify crack closure, Elber defined the closure
parameter U as the ratio of the effective to applied stress intensity factors as illustrated in
Figure 2.5. It is important to note that the crack opening load will not necessarily be the
same as the load at which the crack closes.
7

Figure 2.5

Cyclic loading spectrum defining effective stress range due to crack
closure.

When the fatigue crack growth rate is plotted against the effective stress intensity
factor range, the curves for different R ratios converge to a small band of variation as
shown in figure 2.6. This small band of variation is due to processes other than plasticity
which contribute to fatigue crack closure. The collapse of these curves attests that fatigue
crack closure is a real phenomena and a necessary consideration when trying to
accurately predict fatigue crack growth.

8

Figure 2.6

2.5

Fatigue crack growth rate versus effective stress intensity factor range.

Fatigue Crack Closure Mechanisms
Fatigue crack closure is typically grouped into three mechanisms as shown by

figure 2.6: plasticity-induced closure (PICC), roughness-induced closure (RICC), and
oxide/corrosion product-induced closure (OICC). PICC is what has been discussed thus
far and is the dominant source of crack closure. RICC is caused by contact of rough crack
surfaces which slide across one another due to the mixed mode loading condition which
develops at an inclined crack tip. OICC crack closure is caused by oxidation of the virgin
material exposed by the advancing fatigue crack and likely involved debris caused by
shearing of crack face asperities under cyclic loading as well. RICC and OICC are
thought to have the most significant effects close to the crack growth threshold (region I)
illustrated in Figure 2.2. This is because near threshold, the size of crack face asperities
and oxide particles are similar in size to the crack opening displacements driving crack
growth. In many cases, OICC and RICC may stop crack propagation in the threshold
9

region. The majority of research which has considered OICC and RICC has focused on
the threshold crack growth regime.

Figure 2.7

2.6

Dominant mechanisms of fatigue crack closure [6].

Dugdale Strip-Yield Model
Consider the center-cracked infinite plate shown in figure 2.7. If the plate is

considered to be elastic and the stress field around the crack tip is analyzed using
Elasticity theory, the stresses at the crack tip are found to be infinite. This poses a
problem when analyzing bodies containing a sharp crack because no material is strong
enough to sustain infinite stress.

10

Figure 2.8

Center cracked infinite plate.

Dugdale [7] postulated that since a material cannot sustain infinite stress, the
material ahead of the crack tip yields creating a one dimensional plastic zone or strip
subjected to a tensile loading equal to the material flow stress. Dugdale decomposed the
infinite plate into two elastic problems with a fictitious crack length of a+ρ as shown by
figure 2.8. The first elastic problem is a center cracked infinite plate of crack length a+ρ
with the entire crack length under the applied tensile stress traction. The second elastic
problem is a center cracked infinite plate of crack length a+ρ with the plastic zone, ρ
under a compressive stress equal to the material flow stress. The plastic zone length is
found as the length which will make the superposed stress intensity factor at the crack tip
(a+ρ) equal zero.

11

Figure 2.9

2.7

Reduction of elastic-plastic crack problem to superposition of two elastic
crack problems.

Modified Strip-Yield Models
The Dugdale model has been applied to modeling of propagating fatigue cracks

and has enjoyed much success [8-12]. Newman’s model, FASTRAN [10] is probably the
most notable of these efforts. These fatigue models are known as modified strip-yield
models. They are used as an alternative to finite element models because of the small
mesh sizes and resulting large computational times required for modeling a sharp fatigue
crack. The strip-yield models simulate plastically deformed material at the crack tip as a
series of elastic perfectly plastic elements attached to the crack face which are cut and
moved into the crack wake as the crack propagates. The elements prop the crack open
during cyclic loading, reducing the fatigue crack growth driving force and slowing crack
growth.
Figure 2.9 shows one half of a center cracked infinite plate meshed with elements
under maximum and minimum loading. The initial crack surfaces, ai are free and the
12

surfaces behind the growing crack are populated with elastic perfectly plastic elements
from residual plastic deformation. In the plastic zone, the elements are still connected. In
figure 2.9 a, note the inflection change of the crack surface displacement from the tip of
the crack to the tip of the plastic zone. This occurs because the displacements along the
crack length, a are affected mainly by the applied loading. In the plastic zone, the crack
face displacements are affected by the applied tensile loading and the compressive plastic
zone loading. Note on the stress plot in figure 2.9a that the wake elements carry no stress
because they are not contacting, but the plastic zone elements all carry a tensile stress
equal to the flow stress of the material. Figure 2.9b shows the same half of a center
cracked infinite plate under minimum load. Many of the elements in the wake of the
growing crack have come into contact and are under a compressive stress with some
yielding in compression as shown by the plot of stresses below the plate. The shape of the
crack face displacements under minimum load are determined by the minimum tensile
loading opening the crack and the additional loading from the wake and plastic zone
elements which are under compressive stress due to contact and previous lengthening due
to yielding in the plastic zone.

13

Figure 2.10

2.8

Modified strip-yield model (FASTRAN).

Weight Functions
The weight function was first introduced by Bueckner [13] and Rice [14]. It is a

function depending only upon the geometry of the cracked member. Figure 2.10
represents one quarter of a center cracked infinite plate. The mode I and II weight
functions are defined as the change in the vertical mode I or horizontal mode II
displacement with respect to crack length, shown by the equations in figure 2.10. It is
important to note that for most geometries, the mode I weight function differs from the
mode II weight function. However, for the center cracked infinite plate geometry we
focus on here, the mode I and II weight functions are the same. Using the weight
functions and the applied loading, the mode I and II stress intensity factors and crack face
displacements can be calculated anywhere along the crack using the equations shown in
figure 2.10. More details on the mixed-mode Dugdale model are described in sections 5.2
14

and 6.5. Appendix B presents the derivation of the weight function for a plate subjected
to plane stress. For more information on weight functions, see [3,15-16].

Figure 2.11

Weight function definition.
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CHAPTER III
LITERATURE REVIEW OF ROUGHNESS INDUCED CRACK CLOSURE MODELS
Since Elber’s discovery of crack closure, development of new aspects of crack
closure has been driven by a need to predict more accurately the growth of cracks for
design considerations. As discussed earlier, crack closure behavior is characterized by
three main mechanisms: plasticity, roughness, and oxide induced crack closure. Crack
closure due to rough fracture surfaces can be divided into two main categories.
Roughness induced crack closure (RICC) is mode I crack closure due to sliding of
asperities causing contact in the mode I direction. Sliding mode crack closure (SMCC) is
mode II crack closure due to sliding of crack face asperities causing contact in the mode
II direction. Both types are normally present and shield the crack tip from damage.
This chapter presents a review of roughness induced crack closure models from
the literature. Each model may consider RICC and SMCC or only one of those. The
majority of modeling considering closure due to crack surface roughness has been
intended for the threshold regime. The crack growth process in this regime is understood
to be crystallographic because the plastic zone size of the advancing fatigue crack is
smaller than the average grain size in the material [17]. This phenomenon is known as
Forsyth’s stage I/II crack growth [18]. When the crack is small (short), the size difference
between the plastic zone and the grain structure promotes activation of a single slip
system in crack advance thus creating a faceted (rough) crack face (stage I). When the
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crack is large (long), the crack driving force becomes large enough that double slip is
activated at the crack tip and the crack growth becomes planar (stage II).
The model developed in this work is intended to be a macrostructural crack
growth simulation tool for a crack exhibiting a rough fracture surface which is found in
some newer alloys [19-22]. For each author, a description of their model and some key
results are outlined. Some discussion contrasting different models and ideas is included at
the end of this section.
Minakawa and McEvily [23] investigated fatigue crack closure in the near
threshold region for steels. They observed a stage I / stage II crack path pattern like that
described by Forsyth [18] and submitted probably the first geometric model of roughness
induced crack closure. They idealized the rough crack growth pattern as a sawtooth and
observed closure when rough top and bottom crack surfaces slide against one another in
irreversible mode II deformation, causing mismatch of the rough surfaces.
Ritchie and Suresh [24] investigated the role of fracture surface roughness on
closure. Mode II displacements resulting from the mixed mode crack growth caused
crack face asperities created by crystallographic crack growth to wedge the crack open.
The crystallographic crack growth was explained in terms of Forsyth’s theory [18]. They
explained experimental observations concerning the role of coarse grains in fatigue crack
growth at high and low load ratios via this roughness concept. In another article, [6] they
presented a geometric model for crack closure induced by fracture surface roughness
which specifically addressed the contribution from both mode I and II crack tip
displacements while considering the nature of fracture surface morphology. They cited
the work of Davidson [25] confirming the presence of large mode II displacements when
a crack exhibits rough morphology. In their model, mode II displacements were
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calculated as an arbitrary fraction of the mode I displacements. Using these mode II
displacements, they developed a geometric model of fatigue crack closure. The model
predicted the extent of crack closure as the ratio of the stress intensity factor due to the
closure load and the maximum applied stress intensity factor (Kcl/Kmax). Closure was
strongly dependent on the degree of surface roughness and magnitude of the mode II
crack tip displacement. The geometric crack profile was related to microstructural
features through the triangular asperity width, height, and angle of incline.
Morris et al. [26] developed a simple model which related the threshold stress
intensity factor range to the crack closure stress arising from fracture surface roughness.
They used their model to predict variation in the threshold stress intensity factor range
with crack length for surface cracks in a titanium alloy. They found that their model
predicted values similar to an empirical model proposed by El Haddad [27].
Nakamura and Kobayashi [28] used the modified Dugdale model to investigate
the effect of asperities in the wake of a growing crack. They simulated the asperities via
lengthening of a single crack face element and studied the effect of varying asperity
length, width, thickness, distance from the crack tip, and rigidity (E). They found that
asperities near the initial notch tip had no effect on opening load, but decreased the
closing load. Asperities placed between the crack tip and the initial notch were estimated
to have an effect on the opening load which would increase as the asperity width
increased. Asperities placed near the crack tip were found to increase both the opening
and closing load when close to the tip with a decaying effect as they were moved farther
behind the crack tip. Once they were moved far enough behind the crack tip, they no
longer affected the opening and closing loads.
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Ravichandran [29-30] presented a theoretical model for the effects of grain size
on roughness induced crack closure at threshold. To consider a crack propagating
incrementally along planar slip bands and deflecting at grain boundaries he used an
idealized zigzag crack path. An irreversible dislocation pile up model was used to
produce a combined mode I/II displacement at the crack tip. The effects of the rough
fracture surface were incorporated through the calculation of a closure stress intensity
factor expressed as a function of the critical resolved shear stress. Good agreement with
experimental data was observed.
Llorca [31] performed a numerical study using a finite difference code to consider
the influence of crack surface roughness on fatigue crack closure. Llorca reported that the
key controlling factor of roughness induced fatigue crack closure is the tilt angle between
crack branches and the average direction of crack propagation. It was also reported that
the crack branch length appeared to have no effect in the range of 20 – 60 micro meters.
Roughness induced closure was found to be discontinuous and concentrated at points
where the crack changes propagation direction. Large amounts of closure were developed
when the tilt angle was allowed to change during propagation, calculating closure loads
as high as 70 percent of the max load. The results agreed well with experimental data for
an Al 2124-T351 alloy.
Li et al. [32] investigated roughness induced crack closure geometrically and
argued that RICC can occur under purely mode I loading with no mode II displacements
at the crack tip. They investigated this for triangular and trapezoidal shaped asperities.
Under their assumptions, closure due to contact was generated by the asperities nearest
the crack tip.
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Tong et al. [33] proposed a physical model with an idealized sawtooth fracture
surface and Coulomb friction behavior to quantify the sliding mode crack closure
experienced in pure cyclic mode II loading. They found that the asperity angle and
friction coefficient had a strong influence on threshold fatigue propagation during the
entire fatigue cycle. Their model showed that the faceted crack surface tended to generate
a local wedging mode I displacement. They stated that due to this mode I displacement,
an ideal mode II loading may never be achieved due to the inevitable local mixed mode
loading conditions. They later extended their model to consider mixed mode loading
conditions with a dominant mode II component of loading [34]. Their extended model
revealed that a small nominal mode I component reduces the local wedging mode I stress
intensity factor and the attenuation of friction, increasing the effective mode II stress
intensity factor. The extended model predicted that actual crystallographic length,
asperity angle, and friction coefficient are important factors affecting model behavior.
Garcia and Sehitoglu [35] developed a model to predict crack opening and closing
behavior for cracks undergoing significant sliding displacements at crack flanks. The
crack surfaces were described statistically with the assumption of random asperity
heights and a mean density of asperities and asperity radii. The propagating crack was
divided into strips and each strip was treated as a contact problem between two randomly
rough surfaces. Contact stresses at minimum load were considered via crushing of crack
face asperities via crack face sliding. Crack opening was calculated as the load which
removes the contact stresses. The crack opening stress level was shown to be a function
of asperity height and distance. They chose to use the Johnson-Shercliff (JS) model [36]
for consideration of asperity interaction because it is physically reasonable that asperities
shorten and are broken after multiple contacts. The study did not consider plasticity
20

induced closure or oxide induced closure and stated that the nature of asperity contact is
fundamentally different than that of plastic wake induced closure. The model was
dependent on the selection of statistical distribution model. Later Sehitoglu and Garcia
used their model for crack opening and closing to determine the crack opening stress as a
function of roughness, asperity density, maximum stress level, shakedown pressure, R
ratio, and crack length for several materials [37]. Their model successfully predicted
experimental trends observed in steels, titanium alloys, titanium aluminides, and
aluminum alloys.
Wang [38] developed a model for predicting the crack closure stress intensity
factor for roughness induced closure of fatigue cracks. A rough crack face was modeled
as a sawtooth. The model highlighted the contribution of irreversible plastic slip at the
crack tip. The goal of their work was to present a model relating the closure stress
intensity factor to the geometric fracture surface and the loading conditions. The model
predicted that the closure stress intensity factor was a function of the maximum stress
intensity factor, the maximum slip length of the dislocation model, the asperity angle
defining their rough crack profile, and the yield strength of the material.
Chen and Lawrence [1-2] developed a weight function based 2D analytical model
of the combined effects of roughness and plasticity induced fatigue crack closure. The
model considered the local mismatch of crack face asperities due to mode II sliding at the
crack tip. They assumed an idealized zigzag fracture surface and used the work of
Cotterell and Rice [39] to convert the kinked crack to a straight crack with equivalent
stresses on the crack faces. This model is discussed in great detail in Chapter 4 of this
document.
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Kim and Lee [40] investigated roughness induced crack closure using a single
asperity model. The single asperity was assumed to be located a distance, Co from the
crack tip where Co is a fitting parameter. The height of the asperity is measured from a
fracture surface using a surface profiler. They considered plasticity induced crack closure
(PICC) using a modified strip yield model. The effects of RICC and PICC were obtained
individually through a stress intensity factor from the single asperity model and the
modified strip yield model. They were then combined by adding the closure stress due to
roughness and plasticity to calculate Elber’s crack closure parameter (U). Tests were run
on specimens of Al 7050-T7451 at load ratios of -1, 0, 0.1, and 0.3 under constant
amplitude loading. They determined that at low stress intensity factor ranges, RICC was
the dominant mechanism and at high stress intensity factor ranges, PICC was the
dominant mechanism. Good agreement with data was shown in predicting the interaction
of plasticity and roughness induced crack closure for Al 7050-T7451.
Newman et al. [41-43] developed the Closure, Roughness, Oxide, and Plasticity
(CROP) model for consideration of multiple threshold fatigue phenomenon. Rough crack
surfaces were modeled as sawtooth waves based on asperity length and asperity angle
(obtained from physical specimens). Crack wake deformation was related to the crack tip
opening displacement following the work of Budiansky and Hutchinson [44]. Closure
loads are determined using geometric concepts. Oxide induced crack closure was
simulated by modeling an oxide layer as an incompressible wedge of uniform thickness
along both crack surfaces. Oxide induced closure was thought to be most significant near
threshold. Finite element simulations performed as part of their model development
suggested RICC will occur first at the asperity nearest the crack tip, while plasticity
models predict closure occurs at the crack tip. They verified their model using
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experimental data and were able to find good agreement for a variety of alloys. The
model also predicted that closure mechanisms interact in a nonlinear manner. This
suggests the effects of plasticity, roughness, and oxide induced crack closure cannot
simply be added.
Zhang et al. [45] developed a short fatigue crack model to consider combined
plasticity and roughness induced crack closure. The model presumed that the total crack
opening displacement is the sum of the opening due to roughness induced closure and
plasticity induced closure. By combining the strip-yield model with the roughness model
of Suresh and Ritchie [6], a total crack opening stress intensity factor (Kop) is derived as a
combination from roughness and plasticity. The plastic Kop was calculated by modifying
Newman's modified strip-yield model [10, 46]. The Kop due to roughness was calculated
via Suresh and Ritchie's geometric model [6]. Their model showed good correlation with
tests on Al 2024 alloys. The model showed that crack tip shear sliding reduced the crack
driving force with the reduction in crack driving force (closure) increasing as the sliding
increased.
Parry et al. [47-49] Investigated roughness induced crack closure via elasticplastic finite element simulations. Parry's work and approach is similar to that of Llorca
[31]. However, it is different in the fact that he used the finite element method and an
elastic plastic kinematic hardening material model as well as a dislocation model to
estimate the plasticity effects along the crack. The findings were in opposition to the
traditional prediction of roughness induced crack closure in that they predicted that RICC
is mainly due to residual plastic deformations. Their model predicted that rather than
global shear displacements causing interference, the asperities would rotate at an angle
with the crack plane (due to plastic deformation) causing contact on cycling. Their model
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showed that closure increases with deflection angle as well as variation in the asperity
size.
Kamp et al. [50], created an analytical RICC model based on the finite element
work of Parry et al. [47-59]. The analytical model estimates the crack opening along a
rough crack defined by a crack deflection angle and branch length. Later, Kamp et al.
[51] created a roughness induced crack closure model based on their previous work
which would help them evaluate the importance of local mixed mode displacements at
the crack tip. Simulation of contact due to mode II displacements was achieved through a
sawtooth profile. Simulation of contact due to mode III displacements (twisting) was
performed via a trapezoidal profile. Using this analytical mode, they were able to analyze
the contribution of mode II and mode III displacements to RICC. The model showed that
mode II deformation is the dominant effect contributing to RICC. However, the model
also showed that the contribution of mode III twisting was not negligible. They used
surface profiling to relate parameters used in their model to physical fracture surfaces.
In review of all the mentioned articles there are some dominant ideas worth
considering. Most researchers modeling roughness induced crack closure have
approximated a rough fatigue crack surface using a sawtooth defined by some asperity
angle and height or period [6, 23, 29-34, 38, 41-43, 45, 47-51]. The work of Llorca,
Nakamura and Kobayashi, Li, Newman et al., and Parry et al. suggest that asperities near
the crack tip will have a larger effect on the crack closure with diminishing effect as the
asperities are moved farther from the crack tip [28, 31-32, 41-43, 47-49]. Many
researchers have simply added the contributions due to plasticity and roughness as stress
intensity factors from separate models, but the work of Newman et al. [42-43] suggests
that the effects of plasticity and roughness do not combine linearly.
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Mode II sliding of rough fracture surfaces is generally accepted as the
phenomenon causing mismatch of rough crack surfaces and is the mechanism suggested
by Walker and Beevers in a paper studying closure in a titanium alloy [52]. Mode II
displacements are incorporated into models via several different methodologies. Some
researchers incorporate mode II displacements arbitrarily [6] while others consider
dislocation models [29-30, 41-43], slip models [38, 47-49], or weight function methods
[1-2]. The work of Parry et al. [47-49] and Li et al. [32] argue that closure could also be
caused either by the geometric profile of the crack surface, or residual plastic deformation
on asperities from the propagation process. In reality, roughness induced crack closure is
probably affected by all three of these phenomena.
The vast majority of research on RICC has considered the threshold fatigue crack
growth regime (region I in figure 2.2). This is thought to be the region where roughness
induced crack closure has the largest influence because the small crack opening
displacements will be closer to rough crack asperity heights. Many alloys transition from
a rough fracture surface to a smooth fracture surface once the crack driving force has
become large enough (region II). However, some alloys continue to exhibit rough
fracture surfaces throughout the Paris regime (region II). An engineering design tool for
fatigue crack growth resistance calculations for alloys with rough fracture surfaces in the
Paris region is needed. In this work, such a tool is developed.
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CHAPTER IV
CHEN AND LAWRENCE’S MIXED-MODE MODIFIED STRIP-YIELD MODEL
4.1

Description of Chen and Lawrence’s Model
Chen and Lawrence developed a mixed-mode modified strip-yield model for

threshold fatigue crack growth [1-2]. A rough crack geometry was approximated as a
sawtooth defined by a period, asperity height, and incline angle and superposed onto a
flat crack modified strip-yield model. The size of the sawtooth asperities were related to
the physical material by measuring the fracture surface and average grain size of the
material. The effects of a rough crack were incorporated by imposing modified normal
and shear stresses on a straight crack and lengthening or shortening the straight crack
elements to account for interference caused by mode II sliding due to the modified shear
stress.
Chen and Lawrence used work presented by Cotterell and Rice [39] to formulate
a first order approximation of a modified stress that would exist on a straight crack
(Figure 4.1). This approximation is based on the crack’s deviation from a straight crack
and the mixed mode tractions which exist on the inclined crack face.
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Figure 4.1

Chen and Lawrence’s application of Cotterell and Rice’s work.

Chen and Lawrence used the modified shear stress to calculate a mode II sliding
displacement via the weight function methodology. Contact interference caused by
misalignment of the crack face asperities was calculated and incorporated into the straight
crack model by lengthening or shortening the elements in the wake of the growing crack.
Chen and Lawrence’s model was intended to model threshold fatigue crack
growth. Once the near tip plastic zone size was equal to the grain size of the material, the
sawtooth profile was removed by setting the asperity angle to zero. This caused the
model to converge to the plasticity induced crack closure solution. Chen claimed this was
naturally handling the transition from Forsyth’s [18] state I (crystallographic single slip)
crack growth at threshold to stage II crack growth (straight double slip).
4.2
4.2.1

Discussion of Chen’s Model
Absence of Mode II Weight Function
Chen’s flat crack model [1-2] was formulated for an edge cracked infinite strip, a

geometry for which a mode II weight function is not known. However, Chen assumed the
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mode I and mode II weight functions for an edge crack were the same. The assumption
was not validated. This can be improved upon by:
1) Finding a mode II weight function for an edge cracked infinite strip
keeping in mind that pure mode II displacements calculated using the
Dugdale model will predict physically unacceptable crack face
overlapping. This is because the Dugdale model is unable to consider
crack face contact. Becker and Gross discuss this issue and state it can be
overcome by superposing a mode I loading [53]. Calculation of a mode II
weight function can be accomplished via numerical studies [54-57];
2) Using finite element analysis for an elastic perfectly plastic edge-cracked
strip to show that the mode I weight function can be used to successfully
approximate the mode II crack face displacements.
4.2.2

Application of Cotterell and Rice’s Work
When using Cotterell and Rice’s work to formulate a modified normal and shear

stress which would exist on the faces of a straight crack, Chen excluded some terms
without offering any reasoning. Equations 4.1 and 4.2 are the equations Chen presented
while equations 4.3 and 4.4 are the equations from Cotterell and Rice’s work.
σ ( x ) mod = Tn ( x ) + λ ( x )Ts ' ( x ) + 2 λ ' ( x )Ts ( x )

(4.1)

τ ( x) mod = Ts ( x ) + λ Tn ' ( x )

(4.2)

σ ( x) mod = Tn ( x) + λ ( x)Ts ' ( x) + 2λ ' ( x)Ts ( x) −

3 '
λ (a)Ts (x)
2
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(4.3)

τ ( x)mod = Ts ( x) + λTn ' ( x) +

1 '
λ (a)Tn (x)
2

(4.4)

The terms which Chen omitted (bold lettering) involve the slope of the crack
profile at the crack tip, a. One possible reason for excluding the crack tip slope terms is
that the Dugdale model was formulated for a flat crack. If this is the case, then use of a
kinked crack weight function might justify including the terms.
It is worthwhile to note as well that Chen’s sawtooth crack face has a constant
incline angle. This means that the normal and shear tractions due to the applied loading
will vary between two constant values along the crack face. Thus the terms Tn ' and Ts '
are zero everywhere along the crack. Removing these terms reduces the modified normal
and shear stress from Cotterell and Rice’s work to equations 4.5 and 4.6 below.
σ ( x ) mod = Tn ( x ) + 2 λ ' ( x )Ts ( x )

(4.5)

τ ( x)mod = Ts ( x)

(4.6)

If Cotterell and Rice’s full equations are used for a sawtooth crack face profile,
the modified stresses in mode I and mode II will shift upward or downward based on the
slope condition at the crack tip. Figure 4.2 shows the normal and shear tractions resulting
from a sawtooth profile defined by a unit period and an asperity angle of 30 degrees. For
a sawtooth crack face profile, the modified normal stress tractions will take a square
wave form and the shear tractions will be constant. The shifting stress tractions may be
problematic because it may not be acceptable for the stress tractions along the crack faces
to shift based on the slope at the crack tip. Also, because the crack is modeled as a
sawtooth, the slope will jump between a constant positive and negative value. Notice also
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there is a large difference between the normal and shear stress levels when the tip slope is
positive versus negative.
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Another parameter which will have a marked effect on the modified normal and
shear stresses is the asperity angle used to calculate the modified stresses. Figure 4.3
shows how the modified normal and shear stresses at point along the crack vary as a
function of the angle defining the sawtooth asperity. In choosing a point along the
sawtooth crack profile, a location could be selected where the local slope is positive or
negative. In addition, the slope at the tip of the crack could be positive or negative. All of
these cases are plotted in Figure 4.3 along with the stresses which would result from
using the same implementation as in Chen’s work.
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Note that both the normal and shear modified stresses change considerably as the
crack face incline angle changes. The modified normal stresses are more than twice as
large as the applied stress for large values of theta. Another troubling aspect of the
modified normal and shear tractions is the amount of variation between the cases with a
positive tip slope versus a negative tip slope. Because it may not be realistic for the
stresses in the wake of the growing crack to vary in such a way, development of a new
model herein will consider the same application of Cotterell and Rice’s work as used in
Chen’s work.
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CHAPTER V
VERIFYING THE WEIGHT FUNCTION METHODOLOGY
5.1

Introduction
The strip yield model, developed by Dugdale [7] and Barenblatt [58] assumes a

crack tip plastic zone ρ collinear with the crack a under plane stress in a non-hardening
material. The model superposes two elastic problems: a crack of effective length a+ρ
under an applied traction over the entire length and a crack of effective length a+ρ under
a cohesive zone closure stress acting over the length ρ. Because the stresses in the plastic
zone must be finite, the plastic zone length ρ is chosen so the stress intensity factors from
the remote and cohesive zone loading cancel one another. Figure 5.1 is a strip yield
model schematic showing the crack, plastic zone, remote loading and cohesive zone
loading.

Figure 5.1

Dugdale strip-yield schematic.
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Using a weight function methodology, the strip yield model can be generalized to
find crack face displacements for arbitrary distributions of crack face tractions. The
literature shows that weight functions allow treatment of any geometry under arbitrary
mode I loading [15, 59-68] and the successful use of weight functions to find stress
intensity factors under mixed mode loading [54-57, 69-73]. However, a straightforward
validation of the weight function based Dugdale model's ability to provide crack surface
displacements under arbitrary distributions of mixed mode crack face tractions is not
available. An infinite center cracked plate, a geometry for which an analytical weight
function exists [74], was chosen for the study.
This chapter verifies the weight function methodology for obtaining crack face
displacements in a mixed mode, center cracked, infinite plate via an analytical solution
for uniform loads and a numerical solution for nonuniform loads. The numerical solution
results are compared with a finite element solution.
5.2

Weight Function Methodology
Weight functions, first introduced by Bueckner [13] and Rice [14], are a property

of a cracked geometry and independent of the loading. Once a particular loading is used
to derive a geometry's weight function, the stress intensity factors and crack face
displacements can be found for any other loading [74].
Using the weight function methodology for nonuniform crack face loading, the
crack surface displacements for a mixed mode center cracked infinite Dugdale plate as
shown in Figure 5.1 are calculated as indicated by equations 5.1–5.6.
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2
δ I ( x) =
E

a+ ρ

∫ K (ξ ) m ( x, ξ ) dξ
I

(5.1)

I

x

ξ

K I (ξ ) = ∫σ ( x ) mI ( x, ξ ) dx

if x < ξ

(5.2)

0

ξ

ξ

a

a

K I (ξ ) = ∫σ ( x ) mI ( x, ξ ) dx − ∫σ o mI ( x, ξ ) dx

δ II (x) =

2
E

a+ ρ

∫ K (ξ ) m ( x, ξ ) dξ
II

if x > ξ

if x > ξ

II

(5.3)

(5.4)

x

ξ

K II (ξ ) = ∫σ ( x ) mII ( x, ξ ) dx

if x > ξ

(5.5)

0

ξ

ξ

a

a

K II (ξ ) = ∫τ ( x ) mII ( x, ξ ) dx − ∫τ o mII ( x, ξ ) dx

if x > ξ

(5.6)

The required plastic zone size ρ and mode I and II cohesive zone stresses σo and
τo are found by simultaneously solving the system represented by Eqn. 5.7, 5.8, and 5.9.
Equations 5.7 and 5.8 force the mode I and II stress intensity factors at the fictitious crack
tip to zero. Equation 5.9 is the von Mises yield condition and is used to relate the mode I
and II cohesive zone stresses σo and τo.
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a+ ρ

a+ρ

∫ σ ( x)m (x, a + ρ )dx − ∫ σ
I

0

a

a+ ρ

a+ ρ

∫ τ ( x)m

II

0

(x, a + ρ )dx −

o

mI (x, a + ρ )dx = 0

∫τ m
o

II

(5.7)

(x, a + ρ )dx = 0

(5.8)

a

Y 2 = σ o 2 + 3τ o 2

(5.9)

where mI (x,a+ρ) and mII (x,a+ρ) are the mode I and II weight functions for the
geometry of interest evaluated at the effective crack length of a+ρ. The mode I and II
weight function for a center cracked infinite plate is given by Parker [74] as
mI , II ( x, a ) = 2

5.3

a

1

π

a − x2
2

(5.10)

Analytical Solution
This section develops the analytical mixed mode weight function solution for

normalized plastic zone and crack face displacements. The weight function solution is
then compared to other analytical Dugdale work existing in the literature. Using complex
variable methods, Becker and Gross [75] investigated the center cracked infinite plate
analytically under uniform mixed mode loading using a Dugdale approach. Figure 5.2
illustrates an infinite Dugdale plate under mixed mode loading.
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The mixed mode center cracked Dugdale problem is described by equations 5.75.9. From equations 5.7, and 5.8, relations between mode I and II applied and cohesive
zone stresses are found as:
⎛ πσ ⎞
a
= cos ⎜
⎟
a+ρ
⎝ 2σ o ⎠

(5.11)

⎛ πτ ⎞
a
= cos ⎜
⎟
a+ρ
⎝ 2τ o ⎠

(5.12)

With the assumption that the mode I and II plastic zone sizes are the same, a
relationship between mode I and II applied and cohesive zone stresses is found as

σ τ
=
σo τo

(5.13)

These results agree with those presented by Becker and Gross [75] who used an
analytical approach involving complex Kolosov potentials. By incorporating the von
Mises yield condition (Eqn 5.9), the mode I and II remote and cohesive zone stresses can
be related further as given in Eqn. 5.14 and 5.15, which concur with Chen and Keer [76].
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σ

σo =

σ + 3τ 2
2

τ

τo =

σ 2 + 3τ 2

Y

(5.14)

Y

(5.15)

The mode I and II crack tip displacements can also be found using equations 5.1
and 5.4. Eqn. 5.16 and 5.17 give the crack tip displacement values which also agree with
the results of Becker and Gross.

δI (a) =

⎛ πσ ⎞
8σ o a
ln cos ⎜
⎟
πE
⎝ 2σ o ⎠

(5.16)

⎛ πτ ⎞
8τ o a
ln cos ⎜
⎟
πE
⎝ 2τ o ⎠

(5.17)

δ II ( a ) =

Figures 5.3 and 5.4 plot crack surface displacements from the Becker and Gross
solution and weight function approach indicating the two solutions are in agreement. In
Figures 5.3 and 5.4, the loading used to obtain the crack face displacement profiles is
indicated by the variable m which represents the maximum applied stress divided by the
yield stress.
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Normalized crack opening displacement δΙE/Smaxa
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Figure 5.3

Comparison of Becker and Gross Solution with Weight Function Solution
for Crack Opening Displacements.
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Figure 5.4

Comparison of Becker and Gross Solution with weight function solution
for crack sliding displacements.
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5.4

Numerical Solution
Using the weight function approach and considering a Dugdale crack, the mode I
and

and II crack surface displacements

can be calculated as shown by

equations 5.1 – 5.6. The plastic zone solution is found by solving the system described by
equations 5.7-5.9. For this work, an iterative solution approach was chosen and is
discussed in section 6.10. To give an example of solutions to equations 5.7-5.9, the case
of constant mixed mode tractions is investigated. Figures 5.6 and 5.7 present normalized
mode I and II cohesive zone stresses as a function of normalized mode I applied stress for
different levels of normalized mode II applied stress. Figure 5.8 presents the normalized
plastic zone versus the normalized mode I applied stress for different levels of

Normalized Mode I cohesive zone stress (σo/Y)

normalized mode II applied stress.
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Figure 5.5

Normalized mode I cohesive zone stress as a function of normalized
constant applied mode I stress for different amounts of constant applied
mode II stress.
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Normalized Mode II cohesive zone stress (τo/.577Y)
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Figure 5.6

Normalized mode II cohesive zone stress as a function of normalized
constant applied mode I stress for different amounts of constant applied
mode II stress.
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Figure 5.7

Normalized plastic zone size as a function of normalized constant applied
mode I stress for different amounts of constant applied mode II stress.
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5.5

Finite Element Model
Finite element analysis of a center-cracked plate under plane stress was conducted

for the geometry shown in Figure 5.8 using ANSYS 11.0 [77]. To model a sharp crack,
the top half of the plate was modeled and then reflected across a symmetry line. The
nodes along the symmetry line which did not compose the upper and lower free surfaces
of the crack were merged, creating a sharp crack. To approximate an infinite plate, a/W
was set to 0.1.

Figure 5.8

Center-cracked plate geometry.

The plate is meshed using four noded elements and loaded using mode I and II
tractions on the crack face. A bilinear isotropic material model with Young's modulus E =
70 GPa, tangent modulus of 700 MPa (0.01E), and yield strength of 350 MPa was used to
approximate elastic perfectly plastic material behavior. A convergence study was
conducted to determine an acceptable element size for the analysis. The displacement
field along the crack face converged with two elements in the forward plastic zone. The
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mesh was further refined to yield a minimum of seven elements in the forward plastic
zone.
The number of elements in the model varies based on the loading for each specific
case. For smaller loads, smaller elements are needed to achieve at least seven through the
forward plastic zone. For larger loads the displacements at the crack tip are large
compared to element sizes and can cause numerical difficulties with small elements. The
coarsest mesh contains 12,728 elements and the finest mesh contains 63,544 elements.
Figure 5.9 shows a typical finite element model in the vicinity of the crack. Mesh
refinement around the crack was performed manually to ensure good aspect ratios. The
mesh at the tip of the crack is further refinement of the style far from the crack tip.

Figure 5.9

Finite element mesh in vicinity of crack.

42

5.6

Results and Discussion
The infinite center-cracked plate is a geometry with a known analytical weight

function for both mode I and II loading [74]. Finite element and weight function crack
surface displacement solutions are compared for the cases shown in Figure 5.10.

Figure 5.10

Center cracked infinite plate loading cases.

Where Y is the yield strength, Ys is the yield strength in shear (1⁄√3 ), and m is a factor
defining the percentage of the yield represented by the maximum traction.

The functions to load the crack face were chosen based on keeping the analysis as
simple as possible and some limitations of the strip yield model. Even functions were
used to load the crack face because the use of symmetry simplifies weight function
computations. In addition, an odd function crossing the x axis at the origin will apply
compressive stresses on one half of the crack face. The strip yield model is unable to
43

consider contact of crack faces. Stress distributions following a parabolic form and a V
form were initially considered. When the crack face is subjected to a V shaped traction,
the resulting crack face displacement shape is very similar to the shape produced under a
parabolic loading. Because of their simplicity V shaped loadings were used in the study.
Figures 5.7 through 5.19 compare normalized crack opening and crack sliding
displacements as a function of crack length from the weight function methodology and
finite element results. The variable m is the percentage of the yield stress in mode I or II
represented by the maximum traction level. The plots show good agreement between the
weight function based Dugdale model and the finite element results for small load levels.
Significant discrepancies arise as the maximum traction levels approach Y/2. These
discrepancies are attributable to the differences in the Dugdale and finite element models.
The Dugdale model is an approximation based on elastic superposition. To use the elastic
model, small scale yielding is assumed. The conditions defining small scale yielding are
ambiguous. However, Stephens [78] offers some rules of thumb and states an important
restriction to the use of linear elastic models is that the plastic zone size at the crack tip
must be small relative to the crack size. Figure 5.7 shows this is not the case for some
considered loading conditions, violating small scale yielding.
The loading levels which show sizable differences between the weight function
methodology and the finite element simulations are very large for fatigue loading. In a
high cycle fatigue situation, load levels would never become this large (0.5Y). Because
agreement is good for the lower load levels, the weight function methodology is
considered to be sufficient for calculation of crack face displacements under high cycle
fatigue loading.
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Figure 5.11

Normalized crack opening displacement versus normalized position along
crack (case a).
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Figure 5.12

Normalized crack opening displacement versus normalized position along
crack (case b).
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Normalized crack opening displacement δΙE/Smaxa
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Figure 5.13

Normalized crack opening displacement versus normalized position along
crack (case c).
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Figure 5.14

Normalized crack opening displacement versus normalized position along
crack (case d).
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Normalized crack sliding displacement δΙΙG/τmaxa
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Figure 5.15

Normalized crack sliding displacement versus normalized position along
crack (case d).

1.6
1.4
1.2
1.0
0.8

Weight Function m = 0.1
Weight Function m = 0.3
Weight Function m = 0.5
FEA m = 0.1
FEA m = 0.3
FEA m = 0.5

0.6
0.4
0.2
0.0
-1.0

-0.5

0.0

0.5

1.0

Normalized position along crack x/a

Figure 5.16

Normalized crack opening displacement versus normalized position along
crack (case e).
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Normalized crack sliding displacement δΙΙG/τmaxa
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Figure 5.17

Normalized crack sliding displacement versus normalized position along
crack(case e).
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Figure 5.18

Normalized crack opening displacement versus normalized position along
crack (case f).
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5.7

Normalized crack sliding displacement versus normalized position along
crack (case f).

Conclusion
A weight function based Dugdale model was developed and compared to finite

element simulations for crack surface displacements in geometries subjected to arbitrary
mode I and mixed mode (modes I and II) loading. The model proved to provide a good
approximation for obtaining crack face displacements for arbitrary distributions of stress
with maximum loading below one-half the yield strength. The model requires mode I and
mode II weight functions for the geometry of interest. This is problematic because few
mode II weight functions are available.

49

CHAPTER VI
A FATIGUE CRACK GROWTH MODEL CONCURRENTLY INCORPORATING
THE EFFECTS OF ROUGHNESS AND PLASTICITY INDUCED
CRACK CLOSURE
6.1

Introduction
This chapter describes the integration of multiple concepts to incorporate the

mode I effects of roughness induced crack closure into a weight function based modified
strip yield model. Figure 6.1 is a schematic outlining how the different concepts are
combined. All computations are implemented into an existing FORTRAN code
(FLAPv3) to produce the Rough Crack Assessment Program (RCAP), a modified stripyield model considering the combined effects of plasticity and roughness induced fatigue
crack closure. In figure 6.1, modules which were significantly modified or added in
transition from FLAPv3 to RCAP are indicated by a dashed frame.
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Figure 6.1

Rough Crack Assessment Program (RCAP) flow.

Once loading and geometry information is read by the code, the first step in each
iteration of crack growth simulation is the solution of the mixed mode Dugdale equations
for the plastic zone size via an iterative approach described in section 6.10. Next, the
lengths of the elements in the plastic zone are calculated based on crack face
displacements via the weight function methodology (section 6.6.4). All element lengths
are then stored as a vector for later use. If the crack is rough, subroutine RICC calculates
mode II displacements caused by the modified shear stress (section 6.7). These
displacements are used to calculate additional roughness induced mode I interference for
each element location. Each element along the crack face profile is lengthened or
shortened to account for RICC as described in section 6.8.
After each element’s length has been updated to account for roughness, stresses in
each element along the crack face are calculated using the methodology outlined in
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section 6.6.5. At minimum load, some elements in the plastic zone and the crack wake
may yield due to contact. Section 6.6.6 describes how elements which have yielded in
compression will receive a new length necessary to satisfy compatibility when
considering the stress they carry. If an element did not yield due to the change in length
from subroutine RICC, it is reassigned the original element length stored before
subroutine RICC calculated additional interference. This prevents stacking of additional
element length due to RICC for elements which do not yield.
The load at which the crack will fully open is calculated and the crack is advanced
as described in section 6.10. The length of the newly created element at the tip of the
crack is modified to account for the rough crack geometry as described in section 6.10.
Two element lumping procedures described in section 6.11 lump similar elements to
maintain computational efficiency.
6.2

Crack Profile
Traditionally when various researchers have attempted to approximate crack

surface roughness, they have used a sawtooth profile [6, 23, 29-30, 32-34, 38, 41-43]. For
this work, a similar path will be taken. However, the sawtooth profile is discontinuous
which causes difficulty with numerical integration of the parameters dependent on the
crack face profile. For numerical convenience, a sine wave can be easily fitted over the
sawtooth profile as shown in figure 6.2 and provides a continuous function for calculation
of crack face quantities via integration of the weight functions and stresses. The sine
wave is defined by the period and angle which would be used to define the sawtooth
profile.
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Figure 6.2

Crack face profile definition.

The sinusoidal crack profile is represented by equation 6.1 and the slope at any
point along the crack profile is represented by equation 6.2.

λ ( x) =

λ ' ( x) =

Pd
⎛ 2πx ⎞
tan ( θ ) sin ⎜
⎟
4
⎝ Pd ⎠

π

⎛ 2πx ⎞
tan ( θ ) cos ⎜
⎟
2
⎝ Pd ⎠

(6.1)

(6.2)

Note in the definition of the crack face profile and slope, variable names ( λ , λ ' ) were
chosen to correspond with the definitions for Cotterell and Rice’s modified normal and
shear stresses [39].
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6.3

Loading the Crack Face
Considering the discussion of Chen’s choices of loading conditions in section

4.2.2, for development of this computational model, the modified stresses from Chen’s
work represented by equations 4.5 and 4.6 will be used. However, it is worth noting that
by approximating a sawtooth profile with a sinusoidal profile, two aspects not possible
for a sawtooth are made available.
1)

The angle defining the normal and shear tractions due to the inclined or
declined crack face can be calculated anywhere along the crack as

θ (x) = arctan(λ '(x)) .
2)

The slope at the tip of the crack is no longer constrained to jump between
a positive and negative constant value. It now can be defined to vary
smoothly as a function of crack length.

The use of a sinusoidal crack face profile defines a smooth crack face slope out of phase
with the crack face profile by ¼ Pd as shown by Figure 6.3.The crack face slope is used
in the computation of Cotterell and Rice’s modified stresses giving the modified normal
stress a sinusoidal shape also ¼ Pd out of phase with the crack face profile as shown by
Figure 6.4. The modified shear stresses will remain unchanged as shown by Figure 6.5.
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Periodic crack profile and slope.
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Figure 6.4

Modified normal stresses on crack face.
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Figure 6.5

Modified shear stresses on crack face.

Although the use of a sine wave profile to represent the rough fracture surface
gives the ability to calculate all the terms involved in Cotterell and Rice’s equations, it
does not mean that the resulting stresses will be realistic. The best way to determine
which approach is best for calculating the modified stresses on the crack face is to
compare crack growth simulations to experimental data. This is work which needs to be
performed in the future. For this reason, in this work the angle used to calculate the
normal and shear tractions (Tn, Ts) on the rough crack face via stress transformations is
considered to be constant, the asperity angle.
The normal and shear components on the sawtooth crack face are calculated via
the stress transformation equations. Figure 6.6 is a schematic of one half a sawtooth
asperity loaded by a normal traction, σ. If the hypotenuse of the triangle representing one
half the asperity is given a length, l then the horizontal and vertical face lengths are
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calculated as shown. Satisfaction of equilibrium in the x and y directions assuming unit
thickness requires that the normal and shear tractions be calculated as shown in equations
6.3 and 6.4 for both positive and negative slopes at the location of interest.

Figure 6.6

Normal and shear tractions existing on a sawtooth crack.
Tn = σ cos 2 (θ )

(6.3)

Ts = σ cos(θ )sin(θ )

(6.4)

There is a question about how to relate the shear and normal tractions on the crack
face to the global coordinate system. If the global positive x directions are set to be
pointing to the right side and top of the page respectively, when the rough crack face
slope is positive, the force due to the shear traction has a component in the positive x
direction while the force due to the normal traction has a component in the negative x
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direction. When the asperity slope becomes negative the components in the x direction
from the normal and shear tractions reverse. The modified normal and shear stresses
(equations 4.5 and 4.6) will be discontinuous at the points where the asperity slope
changes from positive to negative if the normal and shear tractions are considered
positive or negative based on the global coordinate system. To avoid discontinuities in
the stresses on the crack faces due to the change in slope from one side of an asperity to
the other, only the magnitude and sign (tensile or compressive) of the normal and shear
tractions on the crack face resulting from the applied loading and the stress
transformation equations are used for computations.
6.4

Integration of Periodic Stresses
The weight function methodology is powerful because it enables calculation of

the stress intensity factors and displacements via integrations along the crack. This
integration methodology affects every aspect in the fatigue crack growth simulation.
Thus, it is immensely important to select a good integration scheme and to properly
implement it. Daniewicz [67] used a Gauss-Chebyshev quadrature for numerical
integration.
Numerical quadrature is based on polynomial interpolation [79]. Polynomials are
easy to integrate so a sensible way to integrate a difficult function is to fit a polynomial to
the function and then integrate the polynomial. The trouble comes when a polynomial is
not able to approximate the function of interest. For an oscillatory or badly behaved
integrand, a polynomial’s ability to approximate the function will be limited. For the
periodic crack face stresses presented in section 6.3, as the integration range encompasses
more periods of the crack face stress variation, the quadrature will fail to provide accurate
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results. Either a new integration method must be selected or the present quadrature must
be modified to reduce the integration range as the crack grows. Weight functions are
known to have an integrable singularity at the crack tip, a as can be observed in equation
5.10. The Gauss-Chebyshev integration procedure is robust with respect to the integration
of weight functions because it successfully removes this singularity [65]. Because of this
quality, the integration routines were modified by breaking the integral into increments of
some multiple of the period of the crack face stresses.
Figure 6.7 shows crack face displacements after the crack has been grown for five
periods of the crack face profile (a = ai + 5Pd), starting at an initial crack length of 0.5
mm. The integration range is broken into different increments of the crack face period
and the results are compared. Note that for identical crack lengths as presented in figure
6.6, the crack face displacements should be the same. This is the case for integrations
over ranges up to one period. For integration ranges of three and five periods though, the
results begin to diverge.
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Figure 6.7

Crack face displacement for integration over multiple periods of crack face
profile.

As a secondary check on the accuracy of the integration implementation, the
plastic zone solution (section 6.5) as a function of crack length was plotted as shown in
figure 6.8. The plastic zone solution is consistent for integration ranges of up to one
period of the crack face stresses. For integration ranges of 3 and 5 periods, the plastic
zone solution diverges. In light of the discussion of displacement and plastic zone
convergence, all subsequent integrations in this work will be over one period of the crack
face stress. It is important to note that if parameters which affect the shape of the crack
face stresses are changed, the integrations should be checked to ensure that increments of
one period provide converged results.
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6.5

Plastic zone solution for integration over multiple periods of crack face.

Plastic Zone Size and Cohesive Zone Stresses
The first major computation in the modified strip-yield model is to find the plastic

zone size ahead of the crack tip. This plastic zone solution will then be used in almost
every subsequent computation. Under pure mode I loading, the plastic zone size (length)
is found by equating the stress intensity factor due to the applied loading with the stress
intensity factor due to the cohesive zone loading as shown in equation 6.5. Daniewicz
solved equation 6.5 using bisection [67, 81].
a+ ρ

a+ ρ

∫ σ (x)m (x, a + ρ )dx − ∫ σ m (x,a + ρ )dx = 0
I

0

o

I

a
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(6.5)

For the mixed mode Dugdale model, equations 6.6-6.8 must be simultaneously
solved. Equations 6.6 and 6.7 describe balancing the mode I and II stress intensity factor
to zero at the fictitious crack tip of a+ρ. Equation 6.8 is the von Mises yield condition. A
yield condition is needed as it provides a relationship between the mode I and II cohesive
zone stresses. The Tresca yield condition could also be used.
a+ ρ

a+ ρ

0

a

a+ ρ

a+ ρ

∫ σ (x)mI (x, a + ρ )dx − ∫ σ omI (x,a + ρ )dx = 0
∫ τ ( x)m

II

0

(x, a + ρ )dx −

∫τ m
o

II

(6.6)

(x,a + ρ )dx = 0

(6.7)

a

Y 2 = σ o 2 + 3τ o 2

(6.8)

If the assumption that the mode I and II flow stresses are constant is made, the
system can be rearranged as shown by equations 6.9-11 which are well suited for an
iterative solution procedure.

σo =

τo

∫

∫
=

a+ ρ

σ ( x) mI ( x, a + ρ )dx

0

∫

a+ ρ
a

(6.9)

mI ( x, a + ρ )dx

a+ ρ

τ ( x ) mII ( x, a + ρ )dx

0

∫

a+ ρ
a

mII ( x, a + ρ )dx

Y 2 = σ o 2 + 3τ o 2

(6.10)

(6.11)

A starting plastic zone size is assumed as the plastic zone for the pure mode I
Dugdale problem, given by equation 6.12. The mode I and II flow stresses are calculated
using equations 6.9 and 6.10 and then combined into a von Mises equivalent stress and
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checked against the yield stress considering a specified convergence tolerance. The
satisfactory plastic zone solution is stored for the starting guess on the next iteration of
the crack growth model.
ρ=

π2 a ⎛σ ⎞

2

⎜ ⎟
8 ⎝Y ⎠

(6.12)

A series of calculations for the normal and shear flow stresses represented by
equations 6.9 and 6.10 demonstrated that when the plastic zone was increased the
equivalent stress decreased and when the plastic zone is decreased the equivalent stress
increases. For each iteration, the equivalent stress is used to determine whether to
incrementally increase or decrease the plastic zone size, increasing the computational
efficiency of the solution procedure.
If an asperity angle of zero is used in the mixed mode Dugdale model represented
by equations 6.6 – 6.8, the system will reduce to the mode I problem. To assess the
validity of the iterative solution procedure, the asperity angle was set to zero and the
iterative solution was compared to the bisection solution. In each case, tolerances and
plastic zone increment in the iterative solution were changed by an order of magnitude.
Figures 6.9 and 6.10 show how the stabilized closure and plastic zone solutions are
affected by the tolerance and increment for several different combinations. The
agreement is excellent.
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Figure 6.9

Stabilized closure comparison for mode I bisection and iterative solutions.
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Plastic zone comparison for mode I bisections and iterative solutions.
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One might ask if assuming constant mode I and II plastic zone flow stresses is
reasonable. This is an assumption of the Dugdale model. In addition, this solution
procedure was used in chapter 5 for verification of the weight function methodology [80]
and the procedure gives good solutions for load levels in the fatigue regime.
6.6

Calculation of Element Lengths and Stresses
The strip-yield model incorporates plastic wake by attaching a series of elastic

perfectly plastic elements to the crack faces. The stresses in these elements will be
calculated based on displacements which are geometrically necessary for satisfaction of
compatibility. Once the displacements are known, an influence function is used to
calculate the element stress via a modified Gauss Seidel solution procedure as discussed
in section 6.6.3. It is worthwhile to note that the explanations here are a restatement of
the work presented by Newman [10] and Daniewicz [67,81]. The description here is
meant to be mainly conceptual.
6.6.1

Meshing the Initial Crack
The initial crack surface is meshed with ten elastic perfectly plastic elements of

approximately zero length (1x10-10) and identical widths of ai/10 as shown in Figure 6.11.
The initial plastic zone is also meshed with ten elastic perfectly plastic elements with
identical widths of ρ/10. The plastic zone element lengths will be determined upon
loading of the cracked body. The x coordinates of each element along the crack and
plastic zone are calculated by starting at the tip of the crack or plastic zone and
establishing the x-coordinate of the element center using the element widths. For
example, the x coordinate of element one at the tip of the plastic zone would be x1=a+ρw1; the x coordinate of element twenty at the tip of the crack would be x20=a-w20.
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Figure 6.11

6.6.2

Meshing the initial crack.

Derivation of Influence Function
Consider the discontinuous loading pictured in Figure 6.12. An element in the

wake of the growing crack is being crushed causing a compressive stress σj in the
element opposing the closing of the crack. The stress on each element at each location
along the crack will contribute to the stress intensity factor. Considering the
discontinuous loading, the stress intensity factor will be calculated differently in three
regions as noted by Daniewicz [67, 81]. In equations 6.13-6.15, the stress intensity factor
due to each element stress at every location along the crack is calculated. xi is the position
the stress intensity factor is calculated at, xj is the position of element influencing the
stress intensity factor at xi, and α is an integration dummy variable. Equations 6.13-6.15
are considered for every element along the crack face and plastic zone.

66

Figure 6.12

Discontinuous loading on a single crack face element.

If

K I (α ) =

x j −wj

∫

2σ ( x)m(x, α )dx

(6.13)

2σ ( x)m(x, α )dx

(6.14)

2σ (x)m(x, α )dx

(6.15)

0

If

K I (α ) =

α

∫

x j −wj

If
K I (α ) =

x j +wj

∫

x j −wj

Equation 6.13 will always return a stress intensity factor of zero since the stress
behind the element is zero. The stress intensity factor and the crack face stresses can be
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combined using the weight function methodology to calculate the crack face
displacement anywhere along the crack. There will be potentially three contributions to
the crack face displacement due to the stress on each element: behind the element, over
the element, and ahead of the element.
If

xi < xj

VIi ( xi ) =

If

−4σ j

∫

mI ( xi , α )

x j −wj

α

∫

mI ( x, α ) dxdα −

x j −wj

4σ j
E'

a+ ρ

∫

mI ( xi , α )

x j +w j

x j +wj

∫

mI ( x, α ) dxdα (6.16)

x j −w j

xi = xj

VIi ( xi ) =

If

E'

x j +wj

−4σ j

x j +wj

E'

∫

mI ( xi , α )

α

∫

mI ( x, α ) dxdα −

xi

x j −w j

a+ ρ

x j +wj

4σ j
E'

a+ ρ

∫

mI ( xi , α )

x j +w j

x j + wj

∫

mI ( x, α ) dxdα (6.17)

x j −w j

xi > xj

VIi ( xi ) =

−4σ j
E'

∫ m ( x ,α ) ∫
I

i

xi

mI ( x, α ) dxdα

(6.18)

x j −w j

Noting that the stress is a constant value over an element, the stress in equations 6.16-18
can be brought outside of the integral and summarized as

VIi = −σ j g ( xi , x j )

(6.19)

Where VIi is the mode I displacement at xi due to the stress σj on element j. g is an
influence function which defines the influence of the stress on element j on the
displacement at location xi [10]. The total displacement at a point, xi due to element
stresses is
n

VI ( xi ) = −∑σ j g ( xi , x j )

(6.20)

j=1
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6.6.3

Modified Gauss-Seidel Solution Procedure
Calculation of element stresses will be performed via the influence function in a

manner comparable to a direct finite element calculation. Equation 6.20 constitutes a
system of equations that describes the relationship between displacements and element
stresses and can be rearranged to solve for element stresses which would result from
stretching or compressing the elements.
To solve this system, a Gauss-Seidel iterative solution procedure is modified to
incorporate elastic perfectly plastic material behavior by imposing the following
constraints at each iteration [10] [67]:
For compressive yielding
If

σi < -σo

then

σi = -σo

Elements along the crack surface may be loaded in compression only
If

σi > 0 and xi ≤ a

then

σi = 0

For tensile yielding in the plastic zone
If

σi > β σo and xi > a

then

σ i = β σo

When considering tensile yielding in the plastic zone, the constraint factor β is
used to account for plane stress versus plane strain conditions as described by Newman
[10]. A β value of unity specifies plane stress conditions and a β value of three specifies
plane strain conditions. (Note: Newman [10] used α for the tensile constraint factor and β
for the compressive constraint factor.)
The incorporation of material constraints into the solution of the linear system
represented by equation 6.20 yields a non unique solution. This is problematic but the
modified Gauss-Seidel solution procedure has been shown to give physically realistic
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stress results [10]. The argument can also be made that capping the element stresses at the
material flow stress is not unlike the radial return method used in finite element
simulations considering plasticity, which is path dependent. Incorporation of the
constraints into the modified Gauss-Seidel procedure transforms it into more of a
minimization routine than a linear equation solver. Future investigation of this solution
procedure is needed.
6.6.4

Plastic Zone Element Length
Figure 6.13 illustrates how element lengths are calculated in the plastic zone. One

quarter of a center cracked infinite plate is subjected to remote loading which is resolved
to crack face loading. The Dugdale model works via superposition of two elastic crack
problems: one of fictitious crack length a+ρ under the applied loading and a second of
the same crack length with the plastic zone, ρ under a cohesive zone loading. The plastic
zone element lengths are determined by the superposition of the displacement fields
resulting from the two crack problems. The lengths of the ten plastic zone elements are
calculated as the difference between the displacement due to the maximum remote
loading and the displacement due to stresses on the plastic zone elements as shown by
equation 6.22.
10

Li = δ Ii ( xi , Smax ) − ∑βσ o g(xi , x j )
j=1
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(6.21)

Figure 6.13

6.6.5

Calculation of plastic zone element lengths.

Element Stresses Under Minimum Load
Under minimum load, the crack surfaces will close until they come into contact.

When contact occurs, stresses will be produced in the elements along the crack. The
stresses which result from contact of crack face elements are calculated based on
displacements necessary to satisfy geometric compatibility along the crack face. Figure
6.14 depicts a center cracked infinite plate returning to minimum load. The elements in
the plastic zone and some along the crack wake extend beyond the flat crack datum line
(defined by the dashed line in Figure 6.14). The amount these elements extend beyond
the flat crack datum line is geometrically incompatible and must be removed by imposing
a stress on each element. The incompatible displacement is the difference between the
crack opening displacement under Smin and the element lengths. The stress is calculated
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using the geometrically incompatible displacement and the modified Gauss-Seidel
procedure described in section 6.6.3 by solving equation 6.22 for the element stresses.
nelem

∑σ
j=1

Figure 6.14

6.6.6

j

g ( xi , x j ) = δ Ii ( xi , Smin ) − Li

(6.22)

Calculation of element stresses under minimum load.

Calculation of New Element Lengths Due to Compressive Yielding
When the element stresses are calculated at minimum load, elements in the plastic

zone and along the crack wake may yield. For the elements which have yielded, a new
element length needs to be calculated. The influence function g can be combined with the
element stresses along the crack to determine the new element length for element i via
72

equation 6.23. Equation 6.23 states that the element lengths must be equal to the
superposition of displacements due to the externally applied loads and the displacements
due to the element stresses.

Li = δ Ii ( xi , Smin ) −

nelem

∑σ

j

g( xi , x j )

(6.23)

j=1

In equation 6.23 the length of each element which yields is reduced in a manner
which incorporates the influence of the stresses on every element along the crack and
plastic zone. The new element length is related to the old element length only through the
stress which exists on that element.
6.7

Crack Sliding Displacement
The weight function methodology can be used to calculate mode II displacements

at any location along the crack using equations 6.24 and 6.25 for any arbitrary mode II
loading. In this model, the mode II loading is the modified shear stress developed in
section 6.

2
δ II ( xi ) = −
E

a+ ρ

∫ m ( x ,α ) K
II

i

II

(α )dα

(6.24)

xi

α

KII (α ) = 2∫τ mod ( x)mII ( x,α ) dx

(6.25)

0

6.8

Additional Closure Due to Crack Surface Roughness
The mixed mode loading condition at the tip of the sawtooth crack causes the

crack faces to shift in mode II sliding which causes misalignment of the crack faces and
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premature crack face contact. The sliding is calculated via the weight function
methodology and the modified shear stress which would exist on a straight crack as
described in section 6.7. This sliding is related geometrically to an additional length
which can be added to the each element in the crack wake based on its location to
incorporate the mode I effects of crack face roughness. Figure 6.15 shows a sawtooth
crack defined by an asperity angle, asperity height, and period after sliding.

Figure 6.15

Sawtooth crack face after sliding.

In figure 6.15, the dashed lines represent the upper and lower faces of a flat crack.
The solid lines represent the upper and lower faces of a sawtooth crack. After mode II
sliding, transformation of the element lengths which would exist between the rough crack
surfaces to elements attached to the flat crack surfaces will provide an amount which
should be added or subtracted from the flat crack element lengths. In this way, the mode I
effects of additional contact due to sliding are incorporated into the flat crack model. In
figure 6.15 the upper and lower crack faces have shifted a distance u. For the element
ahead of the upper shifted asperity, transformation of the element from the rough crack to
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the straight crack requires addition of a length η to the element length. For the element
behind the upper shifted asperity, a length η must be subtracted from the element length.
To calculate η, only simple geometry and the sliding displacement need to be used as
shown by equation 6.26.

η = u tan(θ )

(6.26)

By adding and removing interference along the straight crack modified strip-yield
model, the mode I effects of roughness induced crack closure are incorporated
concurrently with plasticity induced crack closure into a straight crack modified strip
model as illustrated in figure 6.16.

Figure 6.16

Modified Strip-Yield model incorporating the mode I effects of RICC.
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It is physically realistic to consider the likely fact that as a faceted crack surface
profile moves into the wake of the growing crack, the high points of the surface profile
would be broken or flattened over time [35]. Figure 6.17 illustrates this idea. A rough
crack with a straight plastic zone in an infinite plate is represented. The asperities near the
crack tip are newer and are not worn by the cyclic loading. As the crack grows, these
asperities will contact due to mode II crack face sliding. The asperities far from the crack
tip have been through many cycles of loading and are worn by the repeated contact as
they move farther into the wake of the growing crack. These contacts events will likely
result in fracture of the tips of the crack face asperities as illustrated. These fracturing
asperities may be a source of debris-induced crack closure.

Figure 6.17

Wakerough concept.

A distance referred to as the wakerough distance, illustrated in Figure 6.17 is used
in the routines adding roughness to the elements along the crack face. After crack face
elements have moved more than the wakerough distance behind the growing crack tip,
length due to roughness is no longer added to simulate smoothing of the crack face
surfaces due to repeated contact events as the crack grows. Also, because a length is
added to each element to account for roughness induced fatigue crack closure, it is
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problematic to add a length to elements behind the point where the wake lumping routine
begins to work. This is because elements in the far wake of the crack may be very wide
and adding a length to them based on their coordinate position will correspond with
adding too much resistance. The wakerough distance should be selected by calibration of
the fatigue crack growth model with experimental data.
6.9

Calculation of Crack Opening Stress
Calculation of the applied stress for which the crack surfaces become fully open

defines the effective stress intensity factor. In order for the crack to open, the
displacement due to the stress increment which opens the crack must be equal to the
displacement due to all the contact stresses acting on the crack length a. This approach
was used by Daniewicz [67] and is expressed by equation 6.27. Newman [10] used a
concept based on the K-contact to evaluate the crack opening stress.
nelem

δ *I ( xk , Δσ ) = − ∑ σ j g* ( xk , x j )

(6.27)

j=11

Decomposing equation 6.27 into contributions due to opening stress and
minimum stress, equation 6.28 is produced. This equation states that the difference in
displacement due to stress increment σk at location xk and the displacement due to the
minimum stress is equal to the displacement resulting from contact stresses along the
crack.
nelem

δ *I ( xk ,σ k ) − δ *I ( xk ,σ min ) = − ∑ σ j g * ( xk , x j )
j=11
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(6.28)

Daniewicz [67] solved equation 6.28 using bisection for each of the crack wake
elements (k = 11 to nelem), taking the largest value of σk as the opening load.
A simplification of equation 6.28 for better computational speed can be made by
considering that under the conditions of linear elastic fracture mechanics, displacements
along the crack face are proportional to the applied load. With this realization, equations
6.29 and 6.30 can be written.

δ *I ( xk , σ k ) =

σk *
δ ( x ,σ )
σ max I k max

(6.29)

δ *I ( xk , σ min ) =

σ min *
δ ( x ,σ )
σ max I k max

(6.30)

By solving equation 6.29 for the ratio of stress increment to maximum stress and
substituting for the displacement opening the crack from equation 6.28, equation 6.31 is
found.
nelem
⎛
⎞
σ j g * ( xk , x j ) ⎟
∑
⎜
σ
⎟
σ k = σ max ⎜ min − j=11*
⎜ σ max
δ I ( xk , σ max ) ⎟
⎜
⎟
⎝
⎠

(6.31)

Equation 6.31 is solved for each location (element) in the wake of the crack and
the largest value of σk is taken to be the opening load.
6.10 Incrementing the Crack

At the end of each iteration of RCAP, the crack is extended, creating a new
element at the tip of the crack with width equal to the amount of crack extension. The
crack increment is taken as five percent of the smaller of the plastic zone size [82] or the
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rough crack period. By constraining the crack increment to some percentage of the crack
face period, the shape of the rough crack profile is maintained. It is worthwhile to note
that when the crack driving force becomes very large and the crack increment is set by
the period which is much smaller than the plastic zone, this constraint may inadvertently
introduce a size effect into RCAP.
The crack is incremented under maximum load and the new tip element length is
modified due to sliding of the rough crack face asperities. From the presentation of
modification of element lengths in section 6.8, it would follow that the tip element should
be lengthened or shortened depending on its location along the crack face. However,
upon observation of simulation results and crack face profiles, a different path has been
chosen. Figure 6.18 shows the crack face element profile for three cases: a flat crack, the
new tip element is lengthened or shortened depending on its location on the crack face,
and new the tip element is always lengthened.
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Figure 6.18

Change in rough crack face element profile depending on modification of
tip element.

Figure 6.18 shows that adding and subtracting element length from the tip
element creates a discontinuous element profile, while always adding element length
creates a continuous sawtooth profile which oscillates above and below the flat crack
element profile. In addition figure 6.19 shows that the closure results are much more
erratic for adding and subtracting length from the new tip element. In lieu of these
considerations, for development of the model, length will only be added to the tip
element. The validity of this choice to maintain a continuous crack face profile must be
confirmed via comparison of closure experiments to simulations.
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Figure 6.19

Change in closure depending on modification of tip element.

6.11 Element Lumping Procedures

When developing an engineering tool for design calculations, computational
speed must be considered. As the crack advances, each new element adds one row and
column to the matrix, g which is used to solve for element stresses based on element
length and crack face displacement.
In RCAP, premature mode I contact due to rough crack surfaces is incorporated
through lengthening and shortening of the crack surface elements based on crack face
sliding. It is generally accepted that the elements near the crack tip have the largest effect
on the predicted closure [28, 31, 47-49]. This is the case with this model therefore
maintaining the shape of the crack face profile near the crack tip is needed. When
growing cracks under small loads, each new element which is generated will have a very
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small width quickly creating an unmanageable number of elements near the crack tip.
Lumping at the tip of the crack is necessary, but it must preserve the shape of the rough
crack faces near the tip. RCAP makes use of two separate lumping procedures: one at the
tip and a second in the wake some distance behind the tip of the crack.
6.11.1 Wake Lumping Procedure

Historically, the modified strip yield model has involved a wake lumping
procedure which lumps elements far away from the crack tip. In Newman’s [10] original
modified strip-yield model, two elements were combined into a single element if

2( wi + wi +1 ) ≤ a − xi +1 + Δa*

(6.32)

That is, two elements are lumped if the sum of their width is less than or equal to
the crack length minus the x-coordinate of the adjacent element closest to the crack tip
plus the simulated crack extension. When elements are lumped, the new element width is
simply the sum of the two lumped elements. The element length is the weighted average
of the length of the two elements as given by equation 6.33.
L=

Li wi + Li+1 wi+1
wi + wi +1

(6.33)

Daniewicz modified the lumping criteria in his weight function based strip yield
model for smoother lumping as well as for the improved ability to accommodate variable
amplitude loading history on a cycle by cycle basis. Daniewicz’s lumping procedure
decides whether to lump two adjacent elements based on the difference in the element
stresses and the element lengths. If the element stresses differ by less than some
percentage of the flow stress and their lengths differ by less than another percentage, they
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are lumped. The lumped element width is again taken to be the combined width of the
two adjacent elements. The lumped element length is again the weighted average.
Daniewicz also combined the element stresses as a weighted average as shown by
equation 6.34.

σ=

σ i wi + σ i +1wi +1
wi + wi +1

(6.34)

The wake lumping routine remains unchanged from Daniewicz’s work except that
it is not initiated until some specified distance behind the crack tip. This distance should
be determined by running simulations starting the wake lumping incrementally farther
behind the crack tip. When moving the wake lumping start point farther behind the crack
tip makes no difference in the closure values output from the model, a safe starting
distance has been found. For this work, wake lumping was started five periods of the
rough crack profile behind the crack tip.
6.11.2 Tip Lumping Procedure

The tip lumping routine lumps the elements over some range a small distance
behind the crack tip into a single element. For this work, that range size is 1/20 Pd and
the distance behind the crack tip where lumping occurs is 0.25 Pd. Crack advance is
monitored and each time the crack has grown an additional 1/20 Pd, the elements behind
the crack tip from 0.25 Pd to (0.25+1/20)*Pd are lumped into a single element with
combined width and weighted average length and stress. This preserves the crack face
shape by maintaining 20 elements per period. The location where tip lumping is started is
very important because it will determine how many elements have to be maintained at the
tip of the crack before lumping can take place and thus will strongly affect simulation
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time. A series of simulations should be performed when loading levels are changed to be
sure that the lumping start location is acceptable. For example, under a constant
amplitude fatigue loading with a maximum stress of Smax = 34.474 MPa and load ratio of
R=0.1 a study finds that tip lumping can be performed ¼ period behind the crack tip.

Figure 6.20 shows that the closure parameter U did not change with and without tip
lumping. This is the desired situation.
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Figure 6.20

Closure calculations with and without tip lumping.

Figure 6.21 shows flat and rough crack element profiles with and without the tip
lumping procedure for a range in the wake of the crack. The crack face profile, λ(x) is
plotted on the right axis. Notice that the element profile from the strip-yield model has
the same shape and period as the actual crack face profile, but the height of the wake
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elements are two orders of magnitude smaller than the actual crack face asperities. This is
because the elements are lengthened only to consider the additional contact due to crack
face sliding.
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Figure 6.21

Crack wake element profile with and without tip lumping.

6.12 Comparison of Newly Formulated Model with Chen and Lawrence’s results

The roughness and plasticity induced crack closure model described in the
preceding sections was implemented into an existing flat crack modified strip-yield
model developed by Daniewicz [67, 81]. The strength of creating a strip-yield model
using weight functions as in the work of Daniewicz is that another geometry can be
considered by simply changing the weight function. The development of the model up to
85

this point has considered a center cracked infinite plate. Chen’s work considered an edge
cracked infinite strip. In order to compare the models, Chen’s assumption that the mode I
and II weight functions for the edge cracked infinite strip are the same is adopted for this
section of the paper.
Figures 6.22-6.25 compare simulations for five cases presented in Chen’s work
considering a mild steel exhibiting different sawtooth periods and angles [1-2]. Chen’s
model was intended to simulate threshold roughness induced fatigue crack closure.
Because of this intention, the asperity angle was set to zero once the near tip plastic zone
was equal to the grain size of the material. This thinking follows from Forsyth’s [18]
stage I stage II crack growth theory. Chen doesn’t report the exact numerical value of the
plastic zone size at which the asperity angle is set to zero, but does mention that the
period used in the simulations is related to the grain size. For comparison purposes, the
asperity angle in RCAP was set to zero after the crack has propagated for one period.
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Figure 6.22

Flat crack stabilized closure compared with Chen and Lawrence results.
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Figure 6.23

Comparison with Chen and Lawrence for 26 degree angle and 0.1mm Pd.
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Figure 6.24

Comparison with Chen and Lawrence for 45 degree angle and 0.1mm Pd.
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Figure 6.25

Comparison with Chen and Lawrence for 63 degree angle and 0.1mm Pd.
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Comparison with Chen and Lawrence for 26 degree angle and 0.2mm Pd.

Figures 6.22-26 show that RCAP agrees well with Chen’s results. The stabilized
closure values for a flat crack shown in Figure 6.21 only differ from Chen’s value by 1.7
percent, an excellent agreement considering the models were developed separately.
Figures 6.23-26 show that the point of maximum closure for Chen’s simulations and
RCAP agree well and both models quickly converge to purely plasticity induced crack
closure after the asperity angle is set to zero. Chen noted that the maximum closure was
normally reached after the crack has propagated for about one period of the sawtooth
profile and that is observed for RCAP as well.
Results from Chen’s model were extremely erratic and a smoothing filter was
applied to the model data to obtain the curves presented here. The results from the stripyield model developed in this work are not filtered, but are plotted cycle by cycle. In
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every case, RCAP predicts a higher closure level at the point of maximum closure for the
angles investigated, with the crack driving force becoming zero for the case of 63o.
Without knowing more about Chen’s model than what was presented [1-2] elaboration on
this discrepancy between the models is not possible.
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CHAPTER VII
EXPLORING THE ROUGHNESS AND PLASTICITY INDUCED CRACK CLOSURE
MODEL
With the macrostructural roughness and plasticity induced crack closure stripyield model implemented in FORTRAN, the next step is to understand how the model
parameters affect the fatigue crack closure for long cracks. Up to this point in this work,
all of the material properties used have been for a mild steel and were obtained from
Chen and Lawrence’s work [1-2]. The intention of this model is simulation of fatigue
crack growth for aerospace alloys exhibiting rough fracture surfaces. For the remainder
of this study, material properties from Al 7050-T7451 obtained from a handbook as
shown in table 7.1 will be used [83].
The term aerospace alloys is meant to specify lightweight metallic alloys which
do not exhibit a large amount of strain hardening meaning the ultimate strength is close to
the yield strength. This is an important detail because the strip-yield model uses the
average of the ultimate and yield strength for the flow stress as a first order
approximation to hardening behavior [10, 67]. If fatigue crack growth simulation is
needed for an alloy which shows large amounts of strain hardening, another approach
should be considered.
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Table 7.1

Material properties for Al 7050-T7451
Property
Value (MPa)
Modulus
68900
Yield Strength
427
Ultimate Strength
493

Figure 7.1-7.4 show plots of the crack face elements and closure values for .5 mm
of crack growth for different crack face asperity angles while holding the period constant
and different crack face periods while holding the asperity angle constant. First, notice in
the plots of the crack face elements that adding length to account for additional
interference due to a sawtooth crack face leaves a crack wake that does in fact look like a
sawtooth. Also, notice that as the angle or period is changed, the sawtooth profile
changes as might be expected with the asperities becoming taller, or the period of
oscillation becoming larger or smaller.
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Effect of asperity angle on element profile.
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Effect of asperity angle on closure.
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Effect of period on closure.
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Figure 7.1 shows how the crack surface element profile changes as the asperity
angle is increased while the period is held constant. The element profile for a flat crack is
also plotted. Note that the flat crack profile is increasing in a linear fashion as the crack
grows. This is physically reasonable because a flat crack will converge to a stabilized
closure value. For this to happen, since the crack length is growing while the stress
remains constant, the elements must become longer to reduce the crack driving force and
keep the effective stress intensity factor at a constant value. The element profile of the
rough crack surface oscillates above and below the flat crack surface. Note in Figure 7.2
that as the asperity angle is increased, the crack closure increases and that the simulations
for 15 and 20 degrees begin to overlap. Another simulation for 25 degrees overlaps with
the 20 degree simulation with more erratic oscillations.
Figure 7.3 shows how the crack surface profile transforms as the period is
increased from 0.05 mm to 0.25 mm. Notice that the maximum height of the deformed
asperities left in the wake of the crack decreases as the period of the rough crack face is
increased. This is thought to be because of the contact events behind the tip of the
growing crack. Changing the crack face period does not appear to have an effect on the
closure values as shown by Figure 7.4. This will be further investigated in chapter 8.
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CHAPTER VIII
DESIGN AND ANALYSIS OF COMPUTER EXPERIMENTS
8.1

Introduction

In this section, behavior of the strip-yield model incorporating both roughness and
plasticity induced crack closure will be explored. To understand the model and effects of
model parameters, it is important to move away from changing one factor at a time. The
one factor at a time approach is flawed because interaction effects could exist. Interaction
effects are a recognition that often, the effect of a specific variable on a specific output
depends also on the level of another variable. These effects are not always obvious or
intuitive, so it is important to explore the model using a systematic design of experiments
approach.
8.2

Designing the Experiment

Table 1 lists variables in the modified strip-yield model pertinent to modeling
roughness induced crack closure as well as a description of each.
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Table 8.1

Model Variables.

Variable
MAXSTRESS
LUMP
WAKEDIST
LUMPTOL
TIPLUMP
TIPTOL
TIPDIST
E
SFLOW
THETA
PD
WAKEROUGH
EXTENSIONINC
RHOINC
TOLUP
TOLLOW
PDNUM
R

Description
maximum stress defining stress spectrum
specifies whether or not to lump elements in the wake of the growing crack
specifies distance behind crack tip before lumping of wake elements takes place
crack wake element lumping tolerance
specifies whether or not to lump elements at tip of growing crack
specifies number of elements maintained per period by tip lumping procedure
specifies distance behind crack tip before tip lumping takes place
Elastic modulus (psi)
nonhardening flow stress (psi), taken as the average of yield and ultimate strengths
incline angle defining sawtooth profile
period defining sawtooth profile
specifies whether or not to add length to elements far behind crack tip
percentage of plastic zone taken as crack growth increment for each cycle
percentage increment used in iterative mixed mode Dugdale solution
upper tolerance used in iterative mixed mode Dugdale solution
lower tolerance used in iterative mixed mode Dugdale solution
number of periods of crack face integrations are performed over
stress ratio, defined as the ratio of minimum to maximum stress

A design and analysis of computer experiments (DACE) study using a two level
fractional factorial design will allow quantification of the effects of the roughness
modeling parameters of interest as well as their interactions. A two level factorial
experiment provides a systematic approach of varying the parameters between a low and
high level such that the treatment combinations of all variables will allow isolation of
variable effects and interaction effects between variables. In order for this to happen, 2n
trials must be executed, where n is the number of variables involved in the study. The
number of trials increases exponentially as the number of experimental variables
increase, so the first task is to reduce the number of variables involved in the experiment.
A number of parameters can be discarded because their value should not normally
change from simulation to simulation when the same material is considered. These
parameters are LUMP, WAKEDIST, LUMPTOL, TIPLUMP, TIPTOL, TIPDIST, E,
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SFLOW, EXTENSIONINC, RHOINC, TOLUP, TOLLOW, PDNUM. In addition, the
WAKEROUGH variable is discarded because this is a physical phenomenon which
should always occur on the physical wake of the crack. For this set of simulations,
WAKEROUGH has the same value as WAKEDIST (5 Pd). Fatigue crack growth
simulations are normally concerned with both positive and negative R ratios. Considering
both of these creates not two but four levels for the variable R. To explore the effect of R
on the simulation results, two sets of simulations will be performed; one for positive and
one for negative values of R. Tables 8.2 and 8.3 list the variables and their maximum and
minimum values to be used in the two studies.
Table 8.2

Variables and levels for positive R study.
Variable
Max Stress
R
PD
THETA

Table 8.3

Low Value High Value
21.4 MPa 106.9 MPa
0.1
0.35
.1 mm
.2 mm
o

5

o

15

Variables and levels for negative R study.
Variable
Max Stress
R
PD
THETA

Low Value High Value
21.4 MPa 106.9 MPa
‐0.35
‐0.1
.1 mm
.2 mm
o

5

o

15

The maximum and minimum values shown in tables 8.2 and 8.3 are chosen by
selecting a physically realistic range over which the responses of the model are well
defined. This is a very important iterative process because it ensures the results of the
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DACE study will be interpretable. For example, the maximum stress is selected to vary
between 5 and 25 percent of the yield strength. This is a physically reasonable fatigue
loading and the model provides good responses over this stress range. The load ratio, R is
chosen to vary between 0.1 and 0.35 in the positive and negative range. The lower R
value of 0.1 is physically realistic. The desire is to correlate this model to experimental
results and experimentally, it is difficult if not impossible perform fatigue tests at very
small R ratios because a small tensile load must be maintained on the specimen to prevent
bearing movement at the point of load application. The higher R value was originally
selected to be 0.5, but this value did not give good interpretable results from the closure
model because the closure was oscillating between some value and 1. Because 1 is the
highest value the closure parameter can reach indicating no crack closure, it is hard to
interpret the model results when they are reaching this extreme value. Because of this, the
maximum R value was reduced to 0.35. The variation of the crack face period was chosen
based on Chen’s work which considered 0.1mm and doubled it to 0.2mm. Finally, the
variation of the asperity angle was chosen to be from 5 deg to 15 deg because as noted in
chapter 7, once the asperity angle gets large enough, the model responses begin to
overlap.
A full two level factorial experiment involving four design variables will require
16 simulations. This is a manageable number. To extract the effects of each design
variable and interactions, a first order response surface model as described in Myers and
Montgomery will be used [84]. Responses are collected from the 16 simulations and a
matrix describing the treatment combinations of each effect is used to calculate the
coefficients (βi) of a polynomial fit considering each variable and interaction. The
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magnitude and sign of each βi represents the size and direction of its effect on the process
response.
8.3

Simulation Results

In order to learn about the closure model via DACE, responses metrics of interest
must be selected. Because the model is new, observation of the variety of model outputs
encountered in the study will assist with choosing response metrics. Figures 8.1-8.8 show
simulation responses grouped by maximum load and R ratio for both positive and
negative R ratios.
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Figure 8.1

Responses for a maximum stress of 106.9 MPa and load ratio of 0.1.
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Figure 8.2

Responses for a maximum stress of 106.9 MPa and load ratio of 0.35.
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Figure 8.3

Responses for a maximum stress of 21.4 MPa and load ratio of 0.1.
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Figure 8.4

Responses for a maximum stress of 21.4 MPa and load ratio of 0.35.
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Figure 8.5

Responses for a maximum stress of 106.9 MPa and load ratio of -0.35.
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Figure 8.6

Responses for a maximum stress of 106.9 MPa and load ratio of -0.1.
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Figure 8.7

Responses for a maximum stress of 21.4 MPa and load ratio of -0.35.
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8.4

Responses for a maximum stress of 21.4 MPa and load ratio of -0.1.

Selecting and Collecting Responses

In figures 8.1-8.8, observe that in each case, the simulations incorporating
roughness induced crack closure all converge to a stabilized closure range where the
closure values oscillate between a maximum and minimum value of crack closure. In
some cases such as figure 8.4, it appears as two separate stabilized simulations. This is
not the case. Because there were so many data points (one for each increment of crack
growth), the data had to be filtered so that the difference between different simulations
could be noticed. These are the maximum and minimum closure values the simulation
results are oscillating between. This oscillation is caused by the peaks and the valleys of
the sawtooth profile. Also, notice that in general when the R ratio is increased to a higher
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value, less closure is experienced (higher U value). This corroborates the general trend
for closure as R changes as reported in Newman’s work [10].
Having an idea of what simulation results look like, response variables can now
be selected for the DACE analysis. The selected responses of interest are the average
stabilized closure value, the maximum and minimum closure value encountered, the
width of the oscillation band about the average stabilized closure value, and the number
of cycles needed to grow the crack a specified distance. Figure 8.9 shows the selected
simulation response metrics graphically. The response metrics for the simulations with
positive and negative R ratios are listed in tables 8.4 and 8.5.

Figure 8.9

Simulation Response metrics.

105

Table 8.4

Positive R responses.
sim Umax Umin Uwidth Ustabil Cycles

Table 8.5

1

0.40

0.00

0.40

0.30

1126

2
3

0.95 0.88
0.45 0.05

0.05
0.15

0.92
0.30

1268
2413

4
5
6
7
8
9
10

0.95
0.58
0.67
0.30
0.67
0.75
0.92

0.87
0.29
0.64
0.58
0.63
0.30
0.86

0.04
0.15
0.02
0.10
0.05
0.40
0.05

0.90
0.45
0.65
0.45
0.65
0.50
0.89

2412
1271
1268
2413
2412
13286
13441

11
12
13
14
15
16

0.75
0.93
0.50
0.65
0.50
0.65

0.28
0.86
0.35
0.63
0.35
0.63

0.35
0.06
0.13
0.02
0.13
0.02

0.50
0.88
0.41
0.64
0.43
0.64

13293
13449
13286
13441
13293
13449

Negative R responses.
sim Umax Umin Uwidth Ustabil Cycles
1

0.41

0.15

0.10

0.30

1271

2
3

0.43 0.40
0.36 0.14

0.02
0.12

0.42
0.30

1268
2413

4
5
6
7
8
9
10

0.41
0.48
0.55
0.56
0.55
0.39
0.43

0.37
0.29
0.52
0.35
0.52
0.15
0.40

0.04
0.08
0.02
0.10
0.03
0.13
0.04

0.41
0.40
0.54
0.48
0.54
0.25
0.42

2412
1271
1268
2413
2412
13286
13441

11
12
13
14
15
16

0.41
0.43
0.41
0.53
0.43
0.52

0.15
0.40
0.28
0.51
0.29
0.51

0.12
0.03
0.10
0.01
0.10
0.01

0.26
0.42
0.35
0.52
0.35
0.52

13293
13449
13286
13209
13293
12614
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8.5

Interpreting Responses and Effects

The simulation responses were used to construct a first order response model as
mentioned in section 8.2. Tables 8.6 and 8.7 present the coefficients or beta factors for
the response model which indicate both the magnitude and direction of each parameter’s
effect on the response of interest. For presentation here, all the β factors have been
normalized using the largest of the 15 factors so the largest effect in each case will have a
value of unity.
Table 8.6

Effects for positive R study.
Variable(s)
Smax
R
Period

βFactor Umax Umin Ustab Uwide Cycles
β1
‐0.32 ‐0.09 ‐0.09 ‐0.12 ‐1.00
β2
0.74 0.00 0.31 0.59 0.00
β3
0.11 ‐0.08 0.01 0.21 ‐0.05

Theta
Smax*R
Smax*Period
Smax*Theta
R*Period
R*Theta
Period*Theta

β4
β5
β6
β7
β8
β9
β10

‐1.00
‐0.24
0.12
‐0.40
‐0.15
‐0.30
0.11

‐1.00
‐0.18
‐0.09
‐0.11
0.07
‐0.50
‐0.09

‐1.00
‐0.16
0.01
‐0.15
0.02
‐0.41
‐0.02

1.00
‐0.17
0.15
‐0.15
0.19
0.47
0.25

‐0.01
0.00
‐0.05
0.01
0.00
0.00
0.00

Smax*R*Pd
Smax*R*Theta
Smax*Pd*Theta
R*Pd*Theta
Smax*R*Pd*Theta

β11
β12
β13
β14
β15

‐0.15 0.06 0.00
‐0.26 ‐0.19 ‐0.17
0.10 ‐0.10 0.00
‐0.16 0.07 ‐0.01
‐0.16 0.05 ‐0.01

0.13
‐0.09
0.18
0.15
0.07

0.00
0.00
0.00
0.00
0.00

Under a positive R ratio, first notice the trends which corroborate an
understanding of fatigue crack growth behavior. As the load ratio is increased, the
stabilized closure decreases (U increases). As the maximum stress level is increased, the
number of cycles to grow the crack a specified length decreases, another correct trend.
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For positive R ratios, the asperity angle is the most influential design variable,
having the largest effect on the maximum and minimum closure, the stabilized closure
value and the width of the stabilized closure band. As the asperity angle increases, the
closure increases (U decreases) and the width of the oscillation about the stabilized
closure value increases. This is reasonable when considering that as the asperity angle is
increased the peaks and valleys of the sawtooth become higher and deeper. The load
ratio, R has the second largest effect on the responses. When R is increased, the average
stabilized closure value and the width of oscillation about that value both increase. All of
the selected responses are also affected by an interaction between R and the asperity
angle. The interaction decreases the maximum, minimum, and stabilized closure values
and increases the width of oscillation about the stabilized closure value. The period of the
rough crack face has little if any effect on the parameters of interest. This is not
surprising as it was the trend showed by the earlier plots of the closure value when
varying the period of the crack in chapter 7. This was also the trend observed by Llorca
[31]. The crack closure due to roughness for positive R ratios is shown by the model to be
controlled by the asperity angle, load ratio, and the interaction between them.
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Table 8.7

Effects for negative R study.
Variable(s)
Smax
R
Period

βFactor Umax Umin Ustab Uwide Cycles
β1
0.25 0.03 0.27 ‐0.02 ‐1.00
β2
1.00 0.60 0.84 ‐0.19 ‐0.01
β3
‐0.07 ‐0.02 ‐0.07 ‐0.05 ‐0.04

Theta
Smax*R
Smax*Period
Smax*Theta
R*Period
R*Theta
Period*Theta

β4
β5
β6
β7
β8
β9
β10

‐0.52 ‐1.00 ‐1.00
0.39 0.08 0.13
0.01 0.00 ‐0.06
0.20 0.03 0.22
‐0.20 ‐0.07 ‐0.07
‐0.17 0.08 0.02
‐0.12 ‐0.04 ‐0.09

1.00
0.10
‐0.10
‐0.08
0.02
‐0.02
0.02

0.00
0.01
‐0.06
0.00
0.01
0.01
‐0.01

Smax*R*Pd
Smax*R*Theta
Smax*Pd*Theta
R*Pd*Theta
Smax*R*Pd*Theta

β11
β12
β13
β14
β15

‐0.23
0.23
0.01
‐0.15
‐0.12

0.08
‐0.02
0.02
0.02
0.02

‐0.01
‐0.01
0.01
‐0.01
0.01

‐0.04
0.01
‐0.04
‐0.02
‐0.02

‐0.09
0.04
‐0.07
‐0.06
‐0.07

Under a negative R ratio, trends are again observed which reproduce basic
understanding of fatigue crack growth. The number of cycles for the crack to grow a
specified distance is most strongly influenced by the maximum applied stress and the
stabilized closure decreases (U increases) as the load ratio is increased. The closure is
controlled mainly by the load ratio and the asperity angle. As the load ratio is increased,
the maximum, minimum, and stabilized closure value all increase while the width of the
oscillation about the stabilized closure value decreases. As the asperity angle is increased,
the maximum, minimum, and stabilized closure values decrease while the width of the
oscillation about the stabilized closure value increases. This is the same trend as observed
for positive load ratios. The interaction between load ratio and asperity angle does not
have a large effect on any responses for negative load ratios. The crack closure due to
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roughness for negative R ratios is shown by the model to be controlled by the asperity
angle and load ratio.
Most effects observed are the same for both positive and negative R ratios. The
trend that is different is the effect of the load ratio on the width of oscillation about the
stabilized closure value. For positive load ratios, increasing the load ratio increases the
width of oscillation. At negative load ratios, increasing the load ratio causes the width of
the oscillation to decrease.
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CHAPTER IX
CONCLUSIONS AND FUTURE WORK
The weight function based strip-yield model has been shown to be sufficient for
modeling crack growth in alloys exhibiting a rough fracture surface and under mixedmode loading conditions when the loading is at levels which do not violate the
assumptions of small scale yielding. This is typically the case for fatigue.
A modified straight flat crack strip-yield model was adapted to incorporate the
mode I effects of a rough fracture surface using a sine wave fit to a sawtooth profile
defined by an asperity angle and crack face period. The model is based on the work of
Chen and Lawrence [1-2] in which they formulated a modified normal and shear stress
based on work by Cotterell and Rice [39]. The modified shear stress is used to calculate
crack face sliding. Contact due to crack surface mismatch is calculated for every location
along the crack face. The additional contact is incorporated by lengthening or shortening
the elements along the crack face. While Chen and Lawrence’s model was intended for
threshold crack growth, this model is intended to simulate macrostructural RICC
observed in aerospace alloys such as Al 7050 or the Al-Li alloys.
A DACE was conducted to study the RICC process via the newly developed
model. The model was found to correctly predict fundamental fatigue crack closure
behavior with respect to maximum load and load ratio. The crack closure simulations
involving roughness did not converge to a single stabilized closure value like a standard
flat crack strip-yield model. Rather, the closure oscillated about some average value of
111

crack closure which was affected mainly by the crack face asperity angle, load ratio, and
their interaction. This is believed to be due to the peaks and valleys of the sawtooth crack
face. The DACE showed that fatigue crack closure due to RICC was dominated by the
asperity angle, load ratio, and their interaction with no detectable effect due to the rough
crack face period. The effects of asperity angle, load ratio, and their interaction on the
stabilized closure value and oscillation about that value are summarized in Table 9.1 for
positive and negative R ratios
Table 9.1

Effects of asperity angle, load ratio, and their interaction on stabilized
closure and oscillation about that value.
Positive R
Negative R
Ustab
Uwide Ustab
Uwide
Theta
decrease increase decrease increase
R
increase increase increase decrease
R*Theta decrease increase no effect no effect

The asperity angle most strongly affected the average amount of closure and the
oscillation about that value. As the asperity angle is increased, the average amount of
closure increases and the width of oscillation about that value increases for both positive
and negative R ratios. These model results agree with the results of Llorca’s [31] finite
difference study of RICC. The load ratio also had a strong effect on the width of
oscillation about the stabilized closure value. For positive load ratios, the width of
oscillation about the average closure value increased as R increased. For negative load
ratios, this trend reversed and as R increased, the width of oscillation decreased.
This crack growth model is presently limited to only the center cracked infinite
plate geometry. For most geometries, the mode II weight function will differ from the
112

mode I weight function. Few if any mode II weight functions are known for geometries
other than the center cracked infinite plate. To extend this model to accommodate other
geometries, either a mode II weight function must be obtained, or the mode I weight
function must be shown to approximate the mode II weight function well for calculating
crack sliding displacements.
Presently, this model is unable to grow long cracks with asperities defined by an
asperity angle greater than 25 degrees. This is probably because of the formulation of the
modified normal stress discussed in section 4.2.2. A good starting point for this work
might be investigating the crack tip slope terms which were discarded from Cotterell and
Rice’s work and the use of a kinked crack weight function to accommodate these terms.
To investigating the suitability of the model for rough crack growth, experiments
need to be conducted on alloys with rough crack surfaces. Experimental knowledge of
crack growth behavior for long cracks is inadequate. A series of tests should be
conducted under both constant and variable amplitude loading conditions for rough
alloys. Closure and fracture surface roughness should be measured to determine what a
realistic range of asperity angles, stabilized closure levels, and oscillation about a
stabilized value. Some promising work has been done concerning rough fracture surfaces
and the use of fast Fourier transform analysis to analyze rough fracture surface
topography [85-89].
The possibility of simply fitting the model to an experimental response by using
some equivalent asperity angle should also be mentioned. This might be a near term
opportunity to use the model without the significant investment into characterization of
fracture surface topography. However, it will still require new data for new alloys.
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APPENDIX A
THE WEIGHT FUNCTION
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A.1

Derivation of the Bueckner Weight Function

Consider a two-dimensional infinite elastic plate under a mode I stress traction
creating plane stress conditions as shown by Figure A.1.

Figure A.1

Infinite plate under mode I loading.

The uncracked infinite plate has initial strain energy Uo. Introducing a crack into
the infinite body will produce a change in strain energy δ U . The uncracked plate can be
related to the cracked plate via the concept of superposition as demonstrated by Figure
A.2.
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Figure A.2

Introduction of equivalent cracked plate via superposition.

Using the concept of superposition, the change in strain energy due to
introduction of a crack of length a can be calculated as shown by Equation A.1 which
corresponds to part b of Figure A.2.

δU =

a

1
σ ( x)v( x, a)dx
2 −∫a

(A.1)

Where v ( x, a) is the crack surface displacement in the mode I direction. The
elastic strain energy release rate per unit of crack extension is defined by equation A.2
[74].

δU K 2
G=
=
δa
E

(A.2)

Combining equations A.1 and A.2 allows calculation of the stress intensity factor
as shown by equation A.3.
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a

K (ξ ) = ∫ σ (x)
−a

E δ v( x, ξ )
dx
2K δ a

(A.3)

The weight function is defined

m( x , ξ ) =

E δ v( x, ξ )
2K δξ

(A.4)

Noting that integration over the top and bottom crack surfaces will be symmetric
produces equation A.4 becomes
ξ

K (ξ ) = 2 ∫ σ (x)m(x, ξ )d ξ

(A.5)

0

Where ξ is an integration dummy variable and x is the location along the crack
face. The weight function is a form of a Green’s function [74] and represents the
contribution of a unit force at location x to the stress intensity factor at location x.
Equation A.5 states that by using the weight function for a particular geometry,
convolution with the crack face stress will provide the stress intensity factor. The weight
function has been shown to be unique to the particular geometry and independent of the
loading from which it was derived [74].
Equation A.4 can be rearranged and integrated to find crack face displacements as
shown by equation A.6.
a

v( x) = ∫
x

2 K (ξ )
m(x, ξ )d ξ
E
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(A.6)

Weight functions were first introduced by Bueckner [13] and later discussed by
Rice [14]. More information on weight functions can also be obtained from Parker [74],
Paris et al. [15], Wu et al. [90] and Fett and Munz [91].
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APPENDIX B
ROUGH CRACK ASSESSMENT PROGRAM (RCAP)
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Program FLAP predicts fatigue crack propagation in a 2D geometry
exhibiting a through-thickness edge crack of length A. The weight
function WGHT(X,A) for the geometry of interest is required. The material
is treated as elastic-perfectly plastic and crack closure is considered
using predictions of crack opening stress.
List of modifications incorporated in version 2.0
1. All real constants defined using double precision nomenclature.
The intrinsic function DSQRT and DABS replaces SQRT and ABS.
All function subprograms denoted as double precision.
Significant figures have been added to all real constants to
reflect their double precision status.
2. There are no small element width approximations in function G. This
was introduced because many elements do not have small widths
after an extensive amount of crack growth has taken place.
3. Elox cut width DELTA incorpoated within function F over the
initial crack length.
4. Element lumping scheme uses stress difference between two adjacent
elements to determine if lumping should initiate. Lumping is
initiated if this difference is less than LUMPTOL*SFLOW.
5. Crack growth increment constant C is a function of SMAX/SFLOW.
This insures that a suitably refined finite element mesh along
the crack surface exists for both large stresses and small stresses.
6. Number of elements along initial crack surface is dependent on the
the size of the first newly created element. A large number of
elements is usually present initially, and this number is reduced
significantly following lumping if no stress gradients appear.
7. New subroutine SYSTEM used. This subroutine does not produce values
different from the old subroutine but is easier to follow.
8. The 10 elements in the plastic zone now have equal width. While
this is not sufficient to produce a diagonally dominant [G]
matrix, it does help eliminate convergence difficulties in
subroutine SYSTEM.
9. 6 point Gauss-Chebyshev quadrature has been replaced with 10 point
Gauss-Chebyshev quadrature. This helps eliminate convergence
difficulties in subroutine SYSTEM.
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10. Elements along the initial crack surface are given an effective
length of zero by taking L=1.0D-10. An error in subroutine NWLNGH
has been corrected which allowed these elements to assume negative
lengths when compressive yielding occurred.
11. Subroutine NWLNGH has been modified to allow arbitrary applied
levels of stress and the load is incremented toward SMIN in two
increments.
12. Subroutine STRSOP has been modified. The opening stress is computed
directly instead of using bisection.
13. Net section yielding is checked and the program terminates if it
Occurs.
List of modifications incorporated in version 3.0
14. The number of elements discretizing the initial crack surface is now
a specified quantity NELEMI rather than a computed quantity.
15. Elements which differ too greatly in terms of length are not lumped.
16. All input now given using an input file.
17. Variable amplitude loading is modeled in a cycle-by-cycle fashion
with the opening stress computed for each cycle of loading. Crack
extension da is for the single cycle of loading.
An applied stress spectrum consisting of a column of maximum and minimum
applied stresses up to length NPTSMAX is considered.
18. The robustness of subroutine PLSTZN has been improved. If the initial
upper bound for the plastic zone size is too large,it is reduced
incrementally as opposed to simply stopping program execution. The
need for subroutine PZPRLM has also been eliminated.
19. The function RSTRES(X) has been removed. If residual stresses are
to be considered they should be made a part of the applied stress
STRSNC(X,S)
20. The code has been made more modular,with integrations done by calls
to subroutines.
List of modifications incorporated in RCAP
1. New common data area sawtooth including variables theta, pd, and
a. a is in the common storage area theta and pd are read from input file.
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C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C

2. Added function profile(x) which is a sine wave overlaid on the crack
sawtooth.
3. Added function slope(x) giving the slope along profile(x).
4. Added pstrs and sstrs calculating the modified normal and shear stress
for a kinked crack as laid out by Cotterell and Rice (1960) and applied
by Chen and Lawrence (1999).
5. Replaced subroutine plastic zone with a new subroutine called rhoflow
which calculates the plastic zone size and normal and shear flow stresses
for the mixed mode crack using an iterative solution. If a crack face
profile angle of 0 is entered, rhoflo reduces to the plstzn solution.
6. Function f changed to use function pstrs rather than strsnc for calculation of
crack opening displacements. pstrs is the modified stress perpendicular to
the crack face at any point.
7

New input variables added to text input file. variable descriptions are
included in section where input file is read. new varible names are:
lump, tiplump, theta, pd, tiptol, tipdist, wakedist, wake rough,
extensioninc, tolup, tollow, rhoinc, pdnum.

C 8. Function slde(x) added to define crack sliding displacement (mode II).
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C

9. Function ricc calculates additional crack face contact due to mode
II sliding under minimum load and adds the additional inteference to each
element's length. length is added or subtracted from an element depending
on if the slope is positive or negative at that particular point.
10. Subroutine deltaa modified to calculate Kmax and Ko using the modified
stress normal to the crack, pstrs. previously, it was strsnc. Note
that pstrs reduces to STRSNC if theta is zero.
11. New element generation at end of FLAP routine modified to include extra
length at crack tip due to sawtooth profile sliding.
12. All quadrature integrations involving the crack face stresses along the
wake of the crack are cut into increments of 1 period of crack face
stress variation to accomodate the sinusoidal nature of the crack face
stresses.
13. A new tip lumping routine has been created to lump elements near the crack
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C
tip for computational efficiency. Presently the tip lumping routine maintains
C
twenty elements per period of the crack face. This lumping procedure became
C
necessary because lumping in the wake of the crack must not start until a set
C
distance behind the crack tip. otherwise, the wake lumping procedure will
C
smooth out the elements incorporating the effects of the sawtooth crack face.
C
C 14. Lumping in the far wake of the crack is prevented until the crack has grown
C
a distance named wakedist which is read from the input file. The value for
C
wakedist is arrived upon by running crack simulations with no wake lumping
C
and comparing with simulations varying the wakedist value. The wakedist value
C
is arrived upon when the simulation results with lumping do not differ from
C
the results without lumping. This behavior occurs because normally the
C
elements near the crack tip dominates closure.
C
C 15. Subroutine deltaa is not used to calculate the crack growth increment
C
because for constant amplitude loading the increments it calculates are
C
too small and result in excessive elements. Deltaa may be of use later when
C
adapting to variable amplitude loading.
C
C**********************************************************************
C
To insure realistic results, the stress under minimum load along crack
C
surface should be viewed. If this distribution is not smooth, LUMPTOL
C
should be reduced. However, the number of elements will increase
C
dramatically as LUMPTOL is reduced, causing excessive execution times.
C
C
If convergence problems in subroutine SYSTEM are encountered, try reducing
C
the convergence tolerance EPS specified in subroutine STRES or increasing
C
the number of iterations allowed ITERLIM in subroutine SYSTEM.
C
C
Note that the stresses from the previous crack growth increment are used
C
as an initial guess when computing the stresses along the crack surface
C
using subroutine STRES. If an initial guess of zero is used instead, the
C
resulting stresses are not the same away from the crack tip (due to the
C
constraints imposed when applying the Gauss-Seidel method within
C
subroutine SYSTEM). This suggests a potential weakness in the overall
C
algorithm used to compute the stresses, in which [A]{X}={B(X)} is
C
treated as a linear system with constraints imposed within the solution
C
algorithm. An approach using optimization theory may be a better choice.
C
C
All integrations are performed using a 10 point Gauss-Chebyshev
C
quadrature. The XC(J) are abscissas and W is the weight factor.
C
The Gauss-Chebyshev quadrature formula is taken from "Handbook of
C
Mathematical Functions", Abramowitz and Stegun, p.889. The 10 point
C
Gauss-Chebyshev quadrature eliminates the integrand singularities
C
encountered when integrating weight functions, and may also be
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C
C

C
C

used for the integration of other nonsingular functions.
PROGRAM FLAP
PARAMETER (nmax=2000)
PARAMETER (NPTSMAX=10000)
IMPLICIT REAL*8 (A-H,O-Z)
PARAMETER (PI=3.141592653589790D0)
COMMON/STORE/GMAT(NMAX,NMAX),SIGMA(NMAX)
COMMON/WEIGHT/WD
COMMON/DATA/E,SFLOW,SMAX,SMIN,BETA,SYIELD
COMMON/WIDTH/W(NMAX)
COMMON/X/X(NMAX)
COMMON/LENGTH/L(NMAX),lold(nmax)
COMMON/ELOX/AI,DELTA
COMMON/LOADING/LTYPE
COMMON/GROWTH/NBL,DKSTRT(5),DKFIN(5),CONST(5),EXPNT(5)
COMMON/SAWTOOTH/THETA,PD,A
COMMON/INTEGRATION/PDNUM
COMMON/LUMPING/WAKEDIST,WAKEROUGH
COMMON/PLSTZNTOL/TOLUP,TOLLOW,RHOINC
DIMENSION STRESS(NMAX)
DIMENSION WP(NMAX),LP(NMAX),SIGMAP(NMAX)
DIMENSION S(NPTSMAX)
REAL*8 KMAX,L,LP,LUMPTOL
REAL*8 LOLD
REAL*8 NBL
REAL*8 WAKELUMP
CHARACTER*40 INPF,OUTF,SPECTF
CHARACTER*3 LTYPE
CHARACTER*2 LUMP
CHARACTER*2 TIPLUMP
CHARACTER*9 VERSION
Use a variable, wakelump to monitor when the crack has grown
pd/4 and we can lump those elements
wakelump = 0.0

C
WRITE(*,*)' '
WRITE(*,*)'***************************************************'
WRITE(*,*)'*
RCAP: Rough Crack Assessment Program
*'
WRITE(*,*)'*
Steve Daniewicz, 2007
*'
WRITE(*,*)'*
Justin Crapps, 2010
*'
WRITE(*,*)'***************************************************'
WRITE(*,*)'
'
WRITE(*,*)'************ BEGIN PROGRAM EXECUTION ********'
WRITE(*,*)' '
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C
C
C

Prompt user for input file name
WRITE(*,*)'Enter input file name'
READ(*,'(A)')INPF
OPEN (UNIT=9,FILE=INPF,STATUS='OLD')

C
C
C

Prompt user for applied stress spectrum file
WRITE(*,*)'Enter spectrum file name'
READ(*,'(A)')SPECTF
OPEN (UNIT=12,FILE=SPECTF,STATUS='OLD')

C
C
C
C
5
10
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C

Read in the applied stress spectrum. The spectrum consists of a column
of maximum and minimum applied stresses (psi) up to length NPTSMAX.
DO 5 J=1,NPTSMAX
READ(12,*,END=10)S(J)
CONTINUE
NPTS=J-1
Read in the input data
LTYPE defines the load type and is either tension'TEN'
or bending 'BEN'
SCALE is a scale factor to be applied to the applied stress spectrum file
E is the elastic modulus (psi)
SFLOW is the nonhardening flow stress (psi)
(average of the yield and ultimate strengths)
NBL the number of linear segments comprising the crack growth
rate-effective stress intensity factor range baseline curves
(limited to five)
DKSTRT and DKFIN define the starting and ending effective
stress intensity factor ranges in ksi*sqrt(in) for a given
segment. CONST and EXPNT define the constant and exponent
defining the baseline realationship da/dN=CONST(DKEFF)^EXPNT
where the units are in/cycle and ksi*sqrt(in)
BETA is the constraint factor
DELTA is the half-width of the initial crack (in)
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C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C

(half-width of elox cut) The elox cut dimensions will be used when
determining the crack opening displacement on AI.
WD is the total width (in)
AI is the initial crack length (in)
AMAX is the crack depth at which the analysis is terminated (in)
NELEMI number of elements used to discretize the inital crack
LUMPTOL is the crack wake element lumping tolerance
NPRINT defines the number of crack growth increments to skip
in the output file before output is again printed. A value of
1 results in each crack growth increment being printed,which
can result in large output files.
LUMP turns the original lumping procedure in the wake on or off ok=on, no=off
TIPLUMP turns the new tiplumping procedure on or off ok=on, no=off
THETA gives the crack face incline angle which comes into play in setting
crack face stresses and in calculating the inteference due to roughness
PD is the period of the rough crack face sawtoogh. Note a sinewave is fit
to the sawtooth for numerical ease
SYIELD is the material yield stress and is used in subroutine rhoflo
TIPTOL is the number of elements maintained over 1 period by the new
tip lumping routine
TIPDIST is the distance behind the tip of the growing crack before the tip
lumping is allowed to lump tip elements
WAKEDIST is the distance behind the crack tip before the original wake
lumping procedure is allowed to lump elements
WAKEROUGH is a switch to turn on or off the addition of length to
in the far wake of the crack inside ricc. 1= add farwake -1= no add farwake
EXTENSIONINC is the percentage of plastic zone or period the crack grows
TOLUP, TOLLOW, RHOINC are the parameters used for the iterative mixed
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C
C
C
C
C
C
C
C
C

15

C
C
C

mode dugdale solution for the plastic zone size. tolup and tollow set how close
to the flow stress the stresses in the solution have to be for convergence
rhoinc sets the percentage the plastic zone is added to or reduced with each
cycle.
PDNUM sets the number of periods of the crack face the integration routines
are allowed to integrate over
READ(9,*)LTYPE, lump, tiplump
READ(9,*)SCALE
READ(9,*)E,SFLOW
READ(9,*)NBL
DO 15 I=1,NBL
READ(9,*)DKSTRT(I),DKFIN(I),CONST(I),EXPNT(I)
CONTINUE
READ(9,*)BETA
READ(9,*)DELTA,WD,AI,AMAX
READ(9,*)NELEMI,LUMPTOL
READ(9,*)NPRINT
READ(9,*)THETA,PD
READ(9,*)SYIELD
READ(9,*)TIPTOL,TIPDIST,WAKEDIST,WAKEROUGH
READ(9,*)EXTENSIONINC
READ(9,*)TOLUP,TOLLOW,RHOINC
READ(9,*)PDNUM
Prompt user for output file name

WRITE(*,*)'Enter output file name'
READ(*,'(A)')OUTF
OPEN (UNIT=10,FILE=OUTF,STATUS='UNKNOWN')
WRITE(10,20)
WRITE(*,20)
20
FORMAT(/,7X,'A',12X,'N',10X,'SO',13X,'NBLOCK',4X,
& 'SMAX',11X,'SMIN'/)
C
C
open files for output of various simulation quantities
C
OPEN(UNIT=26,FILE='ELEMFINAL_4',STATUS='UNKNOWN')
OPEN(UNIT=27,FILE='PROFILE4',STATUS='UNKNOWN')
OPEN(UNIT=28,FILE='MODSTRESS4',STATUS='UNKNOWN')
OPEN(UNIT=33,FILE='RHOSOLN',STATUS='UNKNOWN')
C
C
Open file for storing the element stress under minimum load along the
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C
C

crack surface.
OPEN (UNIT=11,FILE='STRESS4',STATUS='UNKNOWN')

C
C
C
C

Mesh the initial crack length with NELEMI elements.The total
number of elements is NELEM=NELEMI+10
CALL INITIAL(NELEMI,AI,NELEM)

C
C
C
C
C
C
C

write crack profile and modified stresses to file for verification.
Because the stresses are not yet read in from the spectrum file, the
max stress is defined arbitrarily here. Be sure it matches your maximum
stress in the spectrum file.
SMAX=6000.
Y = AI
A=AMAX
CYCLES=CEILING((AMAX-AI)/PD*TIPTOL)
DO J=1,CYCLES
WRITE(27,*) Y,PROFILE(Y),SLOPE(Y)
WRITE(28,*) Y,PSTRS(Y,SMAX),SSTRS(Y,SMAX)
Y = Y+PD/TIPTOL
END DO

C
C
C
C

Initialize number of load cycles N and the number of completed
blocks NBLOCK
N=0
NBLOCK=0
A=AI

C
C
C

Calculate the distance before the wake lumping routine can lump
SKIPLUMP=WAKEDIST*PD

C
C
C
24
C
C
C
C

Scale the applied stress spectrum.
DO 24 J=1,NPTS
S(J)=SCALE*S(J)
CONTINUE
Step through stress history. Crack opening stress is computed during
loading portions of the spectrum only. If the maximum stress is lower than
the opening stress no crack growth occurs.
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C
25
C

DO 110 I=1,NPTS-1
IF(S(I).LT.S(I+1)) THEN
SMIN=S(I)
SMAX=S(I+1)
ENDIF

C
IF(S(I).GT.S(I+1)) GO TO 110
C
C
C
C
C
C
C
C

Because the rough crack profile creates oscillation about some average
closure value, the closure value may occasionally dip below zero. This
may just be an outlier in the data, so we impose the requirement that
the closure value must dip below zero three times before the simulation
stops. When the simulaton stops, the crack face element profile and stresses
are written to output files.
IF(SMAX.LT.SO) THEN
STOPCOUNT = STOPCOUNT+1
IF(STOPCOUNT.GT.3.) THEN
DO J=11,NELEM
WRITE(11,*)J,X(J)-W(J),SIGMA(J)
WRITE(11,*)J,X(J)+W(J),SIGMA(J)
WRITE(26,*) J,X(J)-W(J),L(J)
WRITE(26,*) J,X(J)+W(J),L(J)
END DO
DO J=10,1,-1
WRITE(11,*)J,X(J)-W(J),SIGMA(J)
WRITE(11,*)J,X(J)+W(J),SIGMA(J)
WRITE(26,*) J,X(J)-W(J),L(J)
WRITE(26,*) J,X(J)+W(J),L(J)
END DO
GO TO 120
END IF
END IF
IF((STOPCOUNT.GT.0).AND.(SMAX.GT.SO)) STOPCOUNT=0

C
C
C

30
35
C

Initialize matrix GMAT which stores G values
DO 35 J=1,NMAX
DO 30 K=1,NMAX
GMAT(J,K)=0.0D0
CONTINUE
CONTINUE
137

C
C
C
C
C

Under the maximum loading, compute the plastic zone size RHO
as well as the element widths, lengths, and coordinates in the
plastic zone
CALL PLSTZN(A,RHO)
CALL RHOFLOW(A,RHO,FLOWS,FLOWT)
WRITE(33,*) A,RHO

C
CALL WDTHPZ(RHO,W)
CALL XCOORD(A,RHO,nelem,X)
C
CALL LNGHPZ(A,RHO,L)
C
C
C

Save element length in array lold before adding length in subroutine ricc
DO J=1,NELEM
LOLD(J)=L(J)
END DO

C
IF(THETA.GT.0.0D0) THEN
CALL RICC(A,RHO,NELEM,L)
END IF
C
C
C
C
C

Compute the stresses in the plastic zone and along the crack
surface under the minimum applied loading as well as the subsequent
element lengths.
CALL STRES(NELEM,SMIN,A,RHO,STRESS)

C
CALL NWLNGH(A,RHO,NELEM,SMIN,STRESS,L)
C
IF(THETA.GT.0.) THEN
DO K=11,NELEM
IF(STRESS(K).GT.SFLOW.AND.STRESS(K).LT.BETA*SFLOW) THEN
L(K) = LOLD(K)
IF(L(K).LT.1.0D-10) L(K)=1.0D-10
END IF
END DO
END IF
C
C
C
C

Save these stresses in SIGMA to use as initial guess for stress solution
during next crack increment.
DO 40 K=1,NELEM
SIGMA(K)=STRESS(K)
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40
C
C
C
C
C
C
C

CONTINUE
Compute the crack opening loading parameter SO. Note that potential
opening is evaluated for elements all along the crack wake including
the most recent element NELEM immediately behind the crack tip. In
an effort to approximate the SO at element NELEM without using
excessively small elements (small C), J.C.Newman uses NELEM-1.
CALL STRSOP(STRESS,A,NELEM,SO)

C
C
C

If the opening stress is negative then the crack is fully open.
IF (SO.LT.0.0D0) SO=0.0D0

C
C
C
C
C
C
C

try to remedy a lumping problem where sometimes thin elements slip into the
wake of the crack. These elements are not lumped and after a number accumulate
they can affect the crack closure values. One one or two of these very small
(width) elements won't affect the solution, but twenty of them will. This is an
artificial fix and needs to be updated eventually
DO J=11,NELEM
IF(X(J)+W(J).LT.A-5.*PD) THEN
IF((W(J+1).LT..66*W(J)).AND.L(J+1).GT.1.5*L(J)) L(J+1) = L(J)
IF((W(J).LT..66*W(J+1)).AND.L(J).GT.1.5*L(J+1)) L(J) = L(J+1)
END IF
END DO

C
C
C
C
C
C
C
C
C
C

After the single cycle of loading crack extension DA takes place and a
new element is generated. Compute the crack extension DA associated with
the single cycle of loading and the stress intensity factor at maximum
load KMAX.
Subroutine DELTAA calculates a crack increment based on a Paris law
relationship and is not used in FLAPV4.
CALL DELTAA(SO,A,DA,KMAX)
IF (THETA.GT.0) THEN
IF(RHO.GE.PD) THEN
DA = EXTENSIONINC*PD
ELSE
DA = EXTENSIONINC*RHO
END IF
ELSE
DA = EXTENSIONINC*RHO
END IF
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C
N=N+1
NELEM=NELEM+1
W(NELEM)=DA/2.0D0
C
C
C
C

C

calculate slope at this point because the slope subroutine will return
0 since x(10) is greater than a
IF(THETA.GT.0.)THEN
SLOPE10=PI/2.*DTAN(THETA)*DCOS(X(10)*2.*PI/PD-AI*2.*PI/PD)
ADDSUBT=SIGN(1.,SLOPE10)
WRITE(*,*) "ADDSUBT",ADDSUBT
L(NELEM)=L(10)+SLDE(10,SMAX,A,RHO)*DTAN(THETA)
ELSE
L(NELEM)=L(10)
END IF

C
C

A=A+DA
update wakelump for crack increment to monitor how much it has grown
WAKELUMP = WAKELUMP + DA

C
CALL XCOORD(A,RHO,NELEM,X)
C
C
C
C
C

lump elements near the crack tip. This is important
to maintaining manageable numbers of elements when the applied
loading is small.
IF (TIPLUMP.EQ.'NO') GO TO 55
IF (WAKELUMP.GT.PD/TIPTOL) THEN
DO J = NELEM,11,-1
IF ((X(J)+W(J)).LT.(A-TIPDIST*PD)) THEN
STARTIND=J
STARTCOORD=X(J)+W(J)
EXIT
END IF
END DO
DO J = STARTIND,11,-1
IF ((X(J)-W(J)).LT.(A-(TIPDIST+1.D0/TIPTOL)*PD)) THEN
ENDIND = J
IF(ENDIND.LT.21) ENDIND=21
IF(ENDIND.EQ.ENDINDOLD) ENDIND=ENDINDOLD+1
ENDCOORD = X(ENDIND)-W(ENDIND)
EXIT
END IF
END DO
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C
IF (STARTIND-ENDIND.GT.1.) THEN
WSUMOLD=0.
C
DO J=11,NELEM
WP(J) = W(J)
LP(J) = L(J)
WSUMOLD=WSUMOLD+W(J)
END DO
C
NELEM = NELEM-(STARTIND-ENDIND)
WCOMB=0.
COMBL=0.
C
DO J=ENDIND,STARTIND
WCOMB = WCOMB+W(J)
COMBL = COMBL+L(J)*W(J)
END DO
C
W(ENDIND) = WCOMB
L(ENDIND) = COMBL/WCOMB
ENDINDOLD=ENDIND
XNEXT=X(ENDIND+1)
C
DO J=1,NELEM
W(ENDIND+J)=WP(STARTIND+J)
L(ENDIND+J)=LP(STARTIND+J)
END DO
C
WSUMNEW=0.
DO J=11,NELEM
WSUMNEW=WSUMNEW+W(J)
END DO
C
CALL XCOORD(A,RHO,NELEM,X)
C
END IF
WAKELUMP = 0.
END IF
C
55
C
C
C

IF(LUMP.EQ.'NO') GOTO 80
Initiate element lumping procedure. New element lengths, widths, and
stresses stored in LP, WP, and SIGMAP temporarily. If the stress in two
adjacent elements differs by less than LUMPTOL*SFLOW, lumping occurs. A
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C
C
C
C
C
C
C
C
C
C
C
C
C
C

C
C
C
C
C
C
C
C

large amount of lumping will typically occur along the initial crack
surface during the first few crack growth increments.
Lumped elements exhibit a width which is the sum of the previous element
widths. Lumped element lengths and stresses are computed as weighted
averages.
When the stress in the new element is computed using a weighted
average with the element widths,the force carried by the new element
is the same as that carried by the two elements prior to lumping.
The stress in the lumped element is not as critical a quantity as
the lumped element length. This length will affect the subsequent
element stress after further cyclic loading.
NSTART=NELEM
DO 70 J=11,NELEM
IF (J.GE.NELEM) GO TO 80
IF (X(J)+W(J).GE.A-SKIPLUMP) THEN
GO TO 80
END IF
IF(DABS(SIGMA(J)-SIGMA(J+1)).LT.LUMPTOL*SFLOW) THEN
Don't lump elements having a computed length with crack surface
elements having the artificial length of 1.0D-10 because the
lengths are too drastically different.
Don't lump elements whose lengths differ by more than a factor of
1.5 as the lengths are too drastically different. This will be
important for variable amplitude loading.
IF(L(J).EQ.1.0D-10 .AND. L(J+1).NE.1.0D-10) GO TO 70
IF(L(J).GT.1.5*L(J+1)) GO TO 70
IF(L(J+1).GT.1.5*L(J)) GO TO 70

C
C
C

Initiate lumping
NELEM=NELEM-1

C

50
C

DO 50 K=NELEM,J+1,-1
WP(K)=W(K+1)
LP(K)=L(K+1)
SIGMAP(K)=SIGMA(K+1)
CONTINUE
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60
C

DO 60 K=J-1,11,-1
WP(K)=W(K)
LP(K)=L(K)
SIGMAP(K)=SIGMA(K)
CONTINUE
WP(J)=W(J)+W(J+1)
SIGMAP(J)=(SIGMA(J)*W(J)+SIGMA(J+1)*W(J+1))/(W(J)+W(J+1))
LP(J)=(L(J)*W(J)+L(J+1)*W(J+1))/(W(J)+W(J+1))

C

65
C

DO 65 K=11,NELEM
L(K)=LP(K)
W(K)=WP(K)
SIGMA(K)=SIGMAP(K)
CONTINUE
CALL XCOORD(A,RHO,NELEM,X)

C
70
C
C
C
C
80

C
85

ENDIF
CONTINUE
Output results. To limit the size of output files,adjust the value NCOUNT
is compared against in the following IF statement.
NCOUNT=NCOUNT+1
WRITE(*,85)A,N,SO,NBLOCK,SMAX,SMIN
IF (NCOUNT.EQ.NPRINT)THEN
WRITE(10,85)A,N,SO,NBLOCK,SMAX,SMIN
NCOUNT=0
ENDIF
FORMAT(1X,F8.6,2X,I10,4X,F10.2,4X,I10,4X,F10.2,4X,F10.2)
IF (NELEM.GE.NMAX) GO TO 120

C
IF ((A+RHO).GE.WD) THEN
WRITE(*,*)'Net section yielding has initiated'
GO TO 120
ENDIF
C
IF (A.GT.AMAX) THEN
C
C
C

Write stress under minimum load along crack surface and exit.
DO 90 J=11,NELEM
WRITE(11,*)j,X(J)-W(J),SIGMA(J)
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90

100
C
110
120

WRITE(11,*)j,X(J)+W(J),SIGMA(J)
write(26,*) j,x(j)-w(j),l(j)
write(26,*) j,x(j)+w(j),l(j)
CONTINUE
DO 100 J=10,1,-1
WRITE(11,*)j,X(J)-W(J),SIGMA(J)
WRITE(11,*)j,X(J)+W(J),SIGMA(J)
write(26,*) j,x(j)-w(j),l(j)
write(26,*) j,x(j)+w(j),l(j)
CONTINUE
GO TO 120
ENDIF
CONTINUE
NBLOCK=NBLOCK+1
GO TO 25
STOP
END

C
C
C**********************************************************************
C
C Subroutine SYSTEM computes the solution {X} of the linear system
C [A]{X}={B} where A is an N x N coefficient matrix and X and B are
C N x 1 vectors. The Gauss-Seidel iteration method is used. The
C parameter TOL establishes the allowable error for the vector {X}.
C Constraints on the solutions X(J) have been included.
C
C If X(J)>BETA*SFLOW and J<10 or J=10 then X(J)=BETA*SFLOW
C If X(J)<-SFLOW then X(J)=-SFLOW
C If X(J)>0 and J>10 then X(J)=0
C
C The initial value assumed for {X} is {XI}.The number of iterations
C is limited to ITERLIM.
C
C**********************************************************************
C
SUBROUTINE SYS(N,TOL,A,B,XI,X)
IMPLICIT REAL*8 (A-H,O-Z)
COMMON/DATA/E,SFLOW,SMAX,SMIN,BETA
PARAMETER (nmax=2000)
DIMENSION A(NMAX,NMAX),X(NMAX),XI(NMAX),B(NMAX)
REAL*8 MAXERR
C
MAXERR=0.0D0
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ITER=0
ITERLIM=1000
C
C
C
10
C
C
C
20

Define initial solution for {X}
DO 10 I=1,N
X(I)=XI(I)
CONTINUE
Begin iterations with the maximum number limited to ITERLIM
ITER=ITER+1
MAXERR=0.0D0

C

25
30
C
C
C

DO 35 I=1,N
SUM1=0.0D0
SUM2=0.0D0
OLDX=X(I)
DO 25 J=1,I-1
SUM1=SUM1+A(I,J)*X(J)
CONTINUE
DO 30 J=I+1,N
SUM2=SUM2+A(I,J)*X(J)
CONTINUE
X(I)=(B(I)-SUM1-SUM2)/(A(I,I))
Apply constraints
IF(X(I).GE.(SFLOW*BETA).AND.I.LE.10) X(I)=SFLOW*BETA
IF(X(I).LE.-SFLOW) X(I)=-SFLOW
IF(X(I).GT.0.0D0 .AND. I.GT.10) X(I)=0.0D0

C
IF((DABS(X(I)-OLDX)).GT.MAXERR)MAXERR=DABS(X(I)-OLDX)
C
35
C

CONTINUE
IF(ITER.GT.ITERLIM)THEN
WRITE(*,*)'No convergence in subroutine SYSTEM'
WRITE(10,*)'No convergence in subroutine SYSTEM'
RETURN
ENDIF

C
IF(MAXERR.GT.TOL)GO TO 20
RETURN
END
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C
C**********************************************************************
C
C
function profile defines the sawtooth crack along the geometry as a
C
function of x.
C
C**********************************************************************
DOUBLE PRECISION FUNCTION PROFILE(X)
IMPLICIT REAL*8 (A-H, O-Z)
COMMON/SAWTOOTH/THETA,PD,A
COMMON/ELOX/AI,DELTA
PARAMETER (PI=3.141592653589790D0)
C
IF((THETA.GT.0.).AND.(X.GE.AI).AND.(X.LE.A)) THEN
PROFILE=PD/4.*DTAN(THETA)*DSIN(X*2.*PI/PD-AI*2.*PI/PD)
ELSE
PROFILE = 0.0D0
END IF
C
END
C*********************************************************************
C
C
function slope returns the slope at a point x along the crack face
C
C*********************************************************************
DOUBLE PRECISION FUNCTION SLOPE(X)
IMPLICIT REAL*8 (A-H, O-Z)
COMMON/SAWTOOTH/THETA,PD,A
COMMON/ELOX/AI,DELTA
PARAMETER (PI=3.141592653589790D0)
C
IF((THETA.GT.0.).AND.(X.GE.AI).AND.(X.LE.A)) THEN
SLOPE=PI/2.*DTAN(THETA)*DCOS(X*2.*PI/PD-AI*2.*PI/PD)
ELSE
SLOPE=0.0D0
END IF
C
END
C**********************************************************************
C
C
function pstrs computes the normal stress along the crack line which
C
is created because of the sawtooth profile of the fatigue crack. an
C
x value and stress is given to nstrs. based on the x value, nstrs
C
determines is theta should be positive or negative and then
C
calculates the normal and shear stress based on cotterel and rice.
146

C
C**********************************************************************
DOUBLE PRECISION FUNCTION PSTRS(X,S)
IMPLICIT REAL*8 (A-H, O-Z)
EXTERNAL STRSNC
COMMON/SAWTOOTH/THETA,PD,A
COMMON/ELOX/AI,DELTA
PARAMETER (PI=3.141592653589790D0)
C
C
The crack face tractions are calculated while keeping the angle to
C
resolve the normal and C shear components constant as with a sawtooth.
C
Note the derivative of the normal and shear components is always zero
C
because they are constant depending on if the sawtooth slope is positive
C
or negative. These are the tractions used by Chen and Lawrence and do
C
not involve the slope at the crack tip.
C
IF((THETA.GT.0.).AND.(X.GE.AI).AND.(X.LE.A)) THEN
TN=S*DCOS(THETA)**2
TS=S*DCOS(THETA)*DSIN(THETA)
DTN=0.0D0
DTS=0.0D0
C
PSTRS=TN+PROFILE(X)*DTS+2.0D0*SLOPE(X)*TS
C
C
If the asperity angle is zero, the stress is the stress that would
C
exist on a flat crack.
C
ELSE
PSTRS=STRSNC(X,S)
END IF
C
END
C
C*********************************************************************
C
C
function sstrs computes the shear stress along the crack line which
C
is created because of the sawtooth profile of the fatigue crack. an
C
x value and stress is given to sstrs. based on the x value, sstrs
C
determines is theta should be positive or negative and then
C
calculates the shear stress based on cotterel and rice.
C
C*********************************************************************
double precision function sstrs(x,s)
implicit real*8 (a-h, o-z)
external strsnc
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common/sawtooth/theta,pd,a
common/elox/ai,delta
parameter (pi=3.141592653589790d0)
C
C
C
C
C
C
C
C

The crack face tractions are calculated while keeping the angle to
resolve the normal and shear components constant as with a sawtooth.
Note the derivative of the normal and shear components is always zero
because they are constant depending on if the sawtooth slope is positive
or negative. These are the tractions used by Chen and Lawrence and do
not involve the slope at the crack tip.
IF((THETA.GT.0.).AND.(X.GE.AI).AND.(X.LE.A)) THEN
TN=S*DCOS(THETA)**2
TS=S*DCOS(THETA)*DSIN(THETA)
DTN=0.0D0
DTS=0.0D0

C
SSTRS=TS+PROFILE(X)*DTN
C
C
C

If the asperity angle is zero, there will be no shear stress on the crack
ELSE
SSTRS=0.
END IF

C
end
C**********************************************************************
C
C Function STRSNC computes the stress along the crack line which
C would exist in the uncracked geometry at a point X when the applied
C loading parameter is S.
C
C**********************************************************************
C
DOUBLE PRECISION FUNCTION STRSNC(X,S)
IMPLICIT REAL*8 (A-H,O-Z)
COMMON/WEIGHT/WD
CHARACTER*3 LTYPE
COMMON/LOADING/LTYPE
C
C
For an edge cracked panel of width WD under pure bending or tension with
C
surface stress S
C
IF(LTYPE.EQ.'TEN')THEN
STRSNC=S
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ELSE
STRSNC=S*(1.0D0 - 2.0D0*X/WD)
ENDIF
C
RETURN
END
C
C
C**********************************************************************
C
C Function WGHT represents the weight function for the particular
C geometry under consideration. X and A represent the coordinate X
C along the crack line and crack size, respectively.
C
C**********************************************************************
C
DOUBLE PRECISION FUNCTION WGHT(X,A)
IMPLICIT REAL*8 (A-H,O-Z)
PARAMETER (PI=3.141592653589790D0)
COMMON/WEIGHT/WD
REAL*8 M1, M2
C
C
C
C
C

Weight function for a edge cracked strip with width WD
(see "The Mechanics of Fracture and Fatigue", A. P. Parker, p.60.
WGHT=2.0d0/(dsqrt(a**2.0d0-x**2.0d0))*dsqrt(a/pi)

C
10

RETURN
END

C
C
C**********************************************************************
C
C function wghti represents the weight function for the particular
C geometry under consideration. x and a represent the coordinate x
C along the crack line and crack size, respectively.
C
C**********************************************************************
C
double precision function wghti(x,a)
implicit real*8 (a-h,o-z)
parameter (pi=3.141592653589790d0)
common/weight/wd
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real*8 m1, m2
C
C
C
C
C
C
C
C
C
C
C
C
C
C
10

weight function for an edge cracked strip
XN=1.0D0-(X/A)
A1=0.6147D0
A2=0.2502D0
B1=17.1844D0
B2=3.2899D0
C1=8.7822D0
C2=70.0444D0
M1=A1 + B1*(A/WD)**2 + C1*(A/WD)**6
M2=A2 + B2*(A/WD)**2 + C2*(A/WD)**6
WGHTi=(1.0D0/DSQRT(2.0D0*PI*(A-X)))*(1.0D0 + M1*XN + M2*((XN)**2))
weight function for a center cracked infinite plate
WGHTI=2.0D0/(DSQRT(A**2.0D0-X**2.0D0))*DSQRT(A/PI)
return
end

C
C**********************************************************************
C
C function wghtii represents the mode ii weight function for the
C particular geometry under consideration. x and a represent the
C coordinate x along the crack line and crack size, respectively.
C
C**********************************************************************
C
double precision function wghtii(x,a)
implicit real*8 (a-h,o-z)
parameter (pi=3.141592653589790d0)
common/weight/wd
real*8 m1, m2
C
C
weight function for an edge cracked strip
C
XN=1.0D0-(X/A)
C
A1=0.6147D0
C
A2=0.2502D0
C
B1=17.1844D0
C
B2=3.2899D0
C
C1=8.7822D0
C
C2=70.0444D0
C
M1=A1 + B1*(A/WD)**2 + C1*(A/WD)**6
C
M2=A2 + B2*(A/WD)**2 + C2*(A/WD)**6
C WGHTii=(1.0D0/DSQRT(2.0D0*PI*(A-X)))*(1.0D0+M1*XN+M2*((XN)**2))
C
weight function for a center cracked infinite plate
150

WGHTII=2.0D0/(DSQRT(A**2.0D0-X**2.0D0))*DSQRT(A/PI)
C
10

return
end

C
C**********************************************************************
C
C
subroutine rhoflow solves a system of three nonlinear equations
C
iteratively for the plastic zone, and mode I and II flow stresses
C
the system of equations is composed of the mode I and II dugdale condition
C
at the crack tip and a yield condition relating the flow stresses
C
C**********************************************************************
C
SUBROUTINE RHOFLOW(A,RHO,FLOWS,FLOWT)
IMPLICIT REAL*8 (A-H,O-Z)
EXTERNAL WGHTI,WGHTII,PSTRS,SSTRS,STRSNC
COMMON/DATA/E,SFLOW,SMAX,SMIN,BETA,SYIELD
COMMON/WEIGHT/WD
COMMON/ELOX/AI,DELTA
COMMON/SAWTOOTH/THETA,PD
COMMON/INTEGRATION/PDNUM
COMMON/PLSTZNSOLN/RHOOLD
COMMON/PLSTZNTOL/TOLUP,TOLLOW,RHOINC
PARAMETER (PI=3.141592653589790D0)
C
C
calculate a reasonable estimate of the plastic zone for a starting point
C
using the dugdale plastic zone under pure mode I loading
C
RHOSTRT=PI**2*A/8.*(SMAX/SYIELD)**2.
RHOMX=0.85*(WD-A)
IF (RHOOLD.GT.0.) THEN
RHO=RHOOLD
ELSE
RHO=RHOSTRT
ENDIF
C
C
using the starting value for rho, calculate the mode I and II flow stress
C
and check to see if they satisfy the yield condition. Increment rho and
C
repeat
C
C
due to the periodic nature of the stresses between ai and a, the integral
C
needs to be split into increments of one period from ai to a. This will
C
pertain to calculation of f1 and f3 below. f0 and f2 will remain unchanged
C
since the stress does not oscillate here for a straight plastic zone.
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C
C

C
C
C
C
C

C

Do
F0=SINT(A,A+RHO,A+RHO,WGHTI)
calculate the first part of f1 from 0 to ai
F1A=SINTPR(0.0D0,AI,A+RHO,SMAX,WGHTI,PSTRS)
calculate the second part of f1 from ai to a
DIST=(A-AI)/(PDNUM*PD)
ITER=CEILING(DIST)
X1 = AI
F1B=0.
DO J=1,ITER
IF(A.GE.X1+PDNUM*PD) THEN
X2 = X1+(PDNUM*PD)
ELSE
X2=A
END IF
STEP=SINTPR(X1,X2,A+RHO,SMAX,WGHTI,PSTRS)
F1B=F1B+STEP
X1 = X1+(PDNUM*PD)
END DO
calculate the third part of f1 from a to a+rho
F1C=SINTPR(A,A+RHO,A+RHO,SMAX,WGHTI,PSTRS)
add all contributions to get all of f1
F1=F1A+F1B+F1C
no periodic stress in f2
F2=SINT(A,A+RHO,A+RHO,WGHTII)
calculate the first part of f3 from 0 to ai
F3A = SINTPR(0.0D0,AI,A+RHO,SMAX,WGHTII,SSTRS)
calculate the second part of f3 from ai to a
X1 = AI
F3B=0.
DO J=1,ITER
IF(A.GE.X1+PDNUM*PD) THEN
X2 = X1+(PDNUM*PD)
ELSE
X2=A
END IF
STEP=SINTPR(X1,X2,A+RHO,SMAX,WGHTII,SSTRS)
F3B=F3B+STEP
X1 = X1+(PDNUM*PD)
END DO
calculate the third part of f3 from a to a+rho
F3C=SINTPR(A,A+RHO,A+RHO,SMAX,WGHTII,SSTRS)

C
F3 = F3A+F3B+F3C
C
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C
C
C

calculate the normal and shear cohesive zone stresses and check the
von mises yield condition for convergence.
FLOWS=F1/F0

C
FLOWT=F3/F2
C
C
C
C

VM=DSQRT(FLOWS**2.0D0+3.0D0*FLOWT**2.0D0)
check yield condition and if satisfied store rho for initial guess on next
loop
IF (VM.GT.TOLLOW*SYIELD.AND.VM.LT.TOLUP*SYIELD) THEN
RHOOLD=RHO
EXIT
ENDIF

C
IF(VM.GT.SYIELD) THEN
RHO = RHO+RHOINC*RHOSTRT
ELSE
RHO=RHO-RHOINC*RHOSTRT
ENDIF
END DO
C
40

RETURN
END

C
C**********************************************************************
C
C Subroutine PLSTZN computes the plastic zone size RHO
C under the maximum applied loading using bisection as given by
C Numerical Recipes,Press,Flannery,Teukolsky,and Vetterling,p.247.
C The plastic zone is refined until its accuracy is within
C A*ACC.
C
C**********************************************************************
C
SUBROUTINE PLSTZN(A,RHO)
IMPLICIT REAL*8 (A-H,O-Z)
EXTERNAL WGHT,STRSNC,pstrs
COMMON/DATA/E,SFLOW,SMAX,SMIN,BETA
COMMON/WEIGHT/WD
PARAMETER (PI=3.141592653589790D0)
PARAMETER(JMAX=40)
PARAMETER(ACC=1.0D-6)
C
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F0(RHO)=SFLOW*BETA*SINT(A,A+RHO,A+RHO,WGHT)
F1(RHO)=SINTPR(0.D0,A+RHO,A+RHO,SMAX,WGHT,pstrs)
F2(RHO)=F1(RHO)-F0(RHO)
C
C
C
C

Difficulties are sometimes encountered when computing the plastic
zone. Various RHOMAX values are attempted before aborting.
RHOMX=0.85*(WD-A)
RHOMN=1.0D-10

C
FXMID=F2(RHOMX)
FX=F2(RHOMN)
ITER=0
C

10
C
20

IF (FXMID*FX.GE.0.0)THEN
DO 10 J=1,1000
IF(ITER.GT.0) THEN
RHOMX=0.90*RHOMX
IF(RHOMX.LE.RHOMN) THEN
WRITE(*,*)'ERROR IN PLASTIC ZONE FOR RHO'
STOP
ENDIF
ENDIF
FXMID=F2(RHOMX)
FX=F2(RHOMN)
IF(FXMID*FX.LT.0.0) GO TO 20
ITER=ITER+1
CONTINUE
ENDIF
IF (FX.LT.0.0D0) THEN
RHO=RHOMN
DX=RHOMX-RHOMN
ELSE
RHO=RHOMX
DX=RHOMN-RHOMX
ENDIF
DO 30 J=1,JMAX
DX=DX*0.50D0
XMID=RHO+DX
FXMID=F2(XMID)
IF (FXMID.LE.0.0D0) RHO=XMID
IF (DABS(DX).LT.A*ACC .OR. FXMID.EQ.0.0D0) THEN
RHO=RHO
GO TO 40
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30
C
40

ENDIF
CONTINUE
WRITE(*,*)'TOO MANY BISECTIONS FOR RHO'
RETURN
END

C
C*********************************************************************
C
C Function G defines the crack surface displacement at point X(I)
C due to element stress STRESS(J) applied at X(J). The values are
C computed once per crack growth increment and then stored in matrix
C GMAT for future use.
C
C*********************************************************************
C
DOUBLE PRECISION FUNCTION G(I,J,A,RHO)
IMPLICIT REAL*8 (A-H,O-Z)
EXTERNAL WGHTi
PARAMETER(nmax=2000)
COMMON/DATA/E,SFLOW,SMAX,SMIN,BETA
COMMON/WIDTH/W(NMAX)
COMMON/X/X(NMAX)
COMMON/STORE/GMAT(NMAX,NMAX),SIGMA(NMAX)
C
B1=X(J)-W(J)
B2=X(J)+W(J)
D=A+RHO
C
IF (RHO.EQ.0.0D0) GO TO 5
C
IF (GMAT(I,J).NE.0.0D0) THEN
G=GMAT(I,J)
GO TO 10
ENDIF
5

IF (X(I).LT.X(J)) THEN
SUM1=DBINT(B1,B2,B1,X(I),WGHTi,WGHTi)
SUM2=DBINTCL(B2,D,B1,B2,X(I),WGHTi,WGHTi)
G=(4.0D0/E)*(SUM1+SUM2)
GMAT(I,J)=G
GO TO 10
ENDIF

C
IF (X(I).EQ.X(J)) THEN
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SUM1=DBINT(X(I),B2,B1,X(I),WGHTi,WGHTi)
SUM2=DBINTCL(B2,D,B1,B2,X(I),WGHTi,WGHTi)
G=(4.0D0/E)*(SUM1+SUM2)
GMAT(I,J)=G
GO TO 10
ENDIF
C
IF (X(I).GT.X(J)) THEN
SUM=DBINTCL(X(I),D,B1,B2,X(I),WGHTi,WGHTi)
G=(4.0D0/E)*SUM
GMAT(I,J)=G
ENDIF
C
10

RETURN
END

C
C**********************************************************************
C
C function f defines the crack surface displacement due to applied
C loading parameter s at the point x(i).
C
C**********************************************************************
C
DOUBLE PRECISION FUNCTION F(I,S,A,RHO)
IMPLICIT REAL*8 (A-H,O-Z)
EXTERNAL WGHTI,WGHTII,PSTRS,SSTRS,STRSNC
PARAMETER(NMAX=2000)
COMMON/DATA/E,SFLOW,SMAX,SMIN,BETA
COMMON/SAWTOOTH/THETA,PD
COMMON/X/X(NMAX)
COMMON/ELOX/AI,DELTA
COMMON/INTEGRATION/PDNUM
C
D=A+RHO
C
because the stresses have become periodic, integration is going to have to
C
be cut up into steps since quadrature doesn't work well over long intervals
C
for badly behaved functions. In this case, only the interval from AI to A has
C
periodic stresses.
IF(X(I).LE.AI) THEN
SUM1=DBINTPR(X(I),AI,0.0D0,S,X(I),PSTRS,WGHTI,WGHTI)
DIST = (A-AI)/(PDNUM*PD)
ITER = CEILING(DIST)
SUM2 = 0.
X1 = AI
DO J = 1, ITER
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IF(A.GE.X1+PDNUM*PD) THEN
X2 = X1+(PDNUM*PD)
ELSE
X2=A
END IF
STEP=DBINTPR(X1,X2,0.0D0,S,X(I),PSTRS,WGHTI,WGHTI)
X1 = X1+(PDNUM*PD)
SUM2 = SUM2+STEP
END DO
C
SUM3=DBINTPR(A,D,0.0D0,S,X(I),PSTRS,WGHTI,WGHTI)
C
SUM=SUM1+SUM2+SUM3
C
ELSEIF((X(I).GE.AI).AND.(X(I).LE.A)) THEN
DIST = (A-X(I))/(PDNUM*PD)
ITER = CEILING(DIST)
SUM2 = 0.
!return sum2 to zero if it is set from above
C
X1 = X(I)
DO J = 1, ITER
IF(A.GE.X1+PDNUM*PD) THEN
X2 = X1+(PDNUM*PD)
ELSE
X2=A
END IF
STEP=DBINTPR(X1,X2,0.0D0,S,X(I),PSTRS,WGHTI,WGHTI)
X1 = X1+(PDNUM*PD)
SUM2 = SUM2+STEP
END DO
SUM3=DBINTPR(A,D,0.0D0,S,X(I),PSTRS,WGHTI,WGHTI)
SUM=SUM2+SUM3
ELSE
SUM=DBINTPR(X(I),D,0.0D0,S,X(I),PSTRS,WGHTI,WGHTI)
ENDIF
F=(4.0D0/E)*SUM
C
C
C
C

if x(i) is on the initial crack length ai,then the effective displacement
is f+delta where delta is the elox cut half-width.
IF(X(I).LE.AI)F=F+DELTA

C
RETURN
END
C
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C**********************************************************************
C
C function slde defines the crack surface displacement due to applied
C loading parameter s at the point x(i).
C
C**********************************************************************
C
DOUBLE PRECISION FUNCTION SLDE(I,S,A,RHO)
IMPLICIT REAL*8 (A-H,O-Z)
EXTERNAL WGHTI,WGHTII,PSTRS,SSTRS,STRSNC
PARAMETER(NMAX=2000)
COMMON/DATA/E,SFLOW,SMAX,SMIN,BETA
COMMON/SAWTOOTH/THETA,PD
COMMON/X/X(NMAX)
COMMON/ELOX/AI,DELTA
COMMON/INTEGRATION/PDNUM
C
C
the integrations in function slde have been split into increments of
C
1 period of the periodic crack face stress.
C
D=A+RHO
IF(X(I).LE.AI) THEN
SUM1=DBINTPR(X(I),AI,0.0D0,S,X(I),SSTRS,WGHTII,WGHTII)
DIST = (A-AI)/(PDNUM*PD)
ITER = CEILING(DIST)
SUM2 = 0.
X1 = AI
DO J = 1, ITER
IF(A.GE.X1+PDNUM*PD) THEN
X2 = X1+(PDNUM*PD)
ELSE
X2=A
END IF
STEP=DBINTPR(X1,X2,0.0D0,S,X(I),SSTRS,WGHTII,WGHTII)
X1 = X1+(PDNUM*PD)
SUM2 = SUM2+STEP
END DO
SUM3=DBINTPR(A,D,0.0D0,S,X(I),SSTRS,WGHTII,WGHTII)
SUM=SUM1+SUM2+SUM3
ELSEIF((X(I).GE.AI).AND.(X(I).LE.A)) THEN
DIST = (A-X(I))/(PDNUM*PD)
ITER = CEILING(DIST)
SUM2 = 0.
!return sum2 to zero if it is set from above
X1 = X(I)
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DO J = 1, ITER
IF(A.GE.X1+PDNUM*PD) THEN
X2 = X1+(PDNUM*PD)
ELSE
X2=A
END IF
STEP=DBINTPR(X1,X2,0.0D0,S,X(I),SSTRS,WGHTII,WGHTII)
X1 = X1+(PDNUM*PD)
SUM2 = SUM2+STEP
END DO
SUM3=DBINTPR(A,D,0.0D0,S,X(I),SSTRS,WGHTII,WGHTII)
SUM=SUM2+SUM3
ELSE
SUM=DBINTPR(X(I),D,0.0D0,S,X(I),SSTRS,WGHTII,WGHTII)
ENDIF
SLDE=(4.0D0/E)*SUM
C
RETURN
END
C
C**********************************************************************
C
C Subroutine INITIAL defines the initial element distributions for
C the strip-yield model. The total number of elements is NELEM.
C Mesh the initial crack length with NELEMI=NELEMA-10 and elements.
C
C**********************************************************************
C
SUBROUTINE INITIAL(NELEMI,AI,NELEM)
IMPLICIT REAL*8 (A-H,O-Z)
PARAMETER (nmax=2000)
COMMON/WIDTH/W(NMAX)
COMMON/LENGTH/L(NMAX)
REAL*8 L
C
NELEM=NELEMI+10
DO 10 J=11,NELEM
W(J)=AI/(2.0D0*(NELEM-10))
L(J)=1.0D-10
10
CONTINUE
C
IF(NELEM.GT.NMAX)WRITE(*,*)'Excessive number of elements'
C
RETURN
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END
C
C**********************************************************************
C
C Subroutine WDTHPZ computes the widths W(I) of the 10 elements
C in the plastic zone RHO.
C
C**********************************************************************
C
SUBROUTINE WDTHPZ(RHO,W)
IMPLICIT REAL*8 (A-H,O-Z)
PARAMETER (nmax=2000)
DIMENSION W(NMAX)
DO 10 J=1,10
W(J)=0.10D0*RHO/2.0D0
10
CONTINUE
RETURN
END
C
C*********************************************************************
C
C subroutine lnghpz computes the lengths of elements l(j) in the
C plastic zone under maximum applied loading for a given crack
C length a and plastic zone size rho.
C
C*********************************************************************
C
SUBROUTINE LNGHPZ(A,RHO,L)
IMPLICIT REAL*8 (A-H,O-Z)
DOUBLE PRECISION G,F
PARAMETER (NMAX=2000)
DIMENSION L(NMAX)
COMMON/DATA/E,SFLOW,SMAX,SMIN,BETA
COMMON/X/X(NMAX)
REAL*8 L
DO 20 I=1,10
SUM=0.0D0
DO 10 J=1,10
SUM=SUM+G(I,J,A,RHO)
10
CONTINUE
L(I)=F(I,SMAX,A,RHO)-SUM*BETA*SFLOW
20
CONTINUE
RETURN
END
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C
C**********************************************************************
C
C
subroutine ricc adds additional length to elements behind the crack tip
C
due to mode ii sliding of the rough crack surface
C
C**********************************************************************
SUBROUTINE RICC(A,RHO,NELEM,L)
IMPLICIT REAL*8 (A-H,O-Z)
DOUBLE PRECISION G,F,SLDE,SLOPE
PARAMETER (NMAX=2000)
DIMENSION L(NMAX)
COMMON/DATA/E,SFLOW,SMAX,SMIN,BETA
COMMON/SAWTOOTH/THETA,PD
COMMON/ELOX/AI,DELTA
COMMON/X/X(NMAX)
COMMON/LUMPING/WAKEDIST,WAKEROUGH
COMMON/WIDTH/W(NMAX)
REAL*8 L
IF(WAKEROUGH.GT.0.) THEN
DO I=11,NELEM
IF((A-AI).GE.WAKEDIST*PD) THEN
IF((X(I)+W(I)).GE.A-WAKEDIST*PD) THEN
ADDSUBT=SIGN(1.,SLOPE(X(I)))
ADD=SLDE(I,SMIN,A,RHO)*DTAN(THETA)*-ADDSUBT
IF(ABS(ADD).GT.PD/2.*DTAN(THETA)) THEN
ADD=PD/2.*DTAN(THETA)*-ADDSUBT
END IF
L(I)=L(I)+ADD
IF(L(I).LT.0.0D0) THEN
L(I)=1.0E-10
END IF
END IF
ELSE
IF((X(I)+W(I)).GE.AI) THEN
ADDSUBT=SIGN(1.,SLOPE(X(I)))
ADD=SLDE(I,SMIN,A,RHO)*DTAN(THETA)*-ADDSUBT
IF(ABS(ADD).GT.PD/2.*DTAN(THETA)) THEN
ADD=PD/2.*DTAN(THETA)*-ADDSUBT
END IF
L(I)=L(I)+ADD
IF(L(I).LT.0.0D0) THEN
L(I)=1.0E-10
END IF
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END IF
END IF
END DO
ELSE
DO I=11,NELEM
IF((X(I)+W(I)).GE.AI) THEN
ADDSUBT=SIGN(1.,SLOPE(X(I)))
ADD=SLDE(I,SMIN,A,RHO)*DTAN(THETA)*-ADDSUBT
IF(ABS(ADD).GT.PD/2.*DTAN(THETA)) THEN
ADD=PD/2.*DTAN(THETA)*-ADDSUBT
END IF
L(I)=L(I)+ADD
IF(L(I).LT.0.0D0) THEN
L(I)=1.0E-10
END IF
END IF
END DO
END IF
C
RETURN
END
C**********************************************************************
C
C Subroutine NWLNGH computes new element lengths L(J) for elements
C 1 through I when the applied loading is at a level S and element yielding
C occurs. The crack size and plastic zone are A and RHO respectively. Each
C element is under stress STRESS(J). Elements with an effective length of
C zero which yield are restrained from becoming negative in length.
C
C**********************************************************************
C
SUBROUTINE NWLNGH(A,RHO,I,S,STRESS,L)
IMPLICIT REAL*8 (A-H,O-Z)
DOUBLE PRECISION G,F
PARAMETER (NMAX=2000)
DIMENSION STRESS(NMAX)
DIMENSION L(NMAX)
COMMON/DATA/E,SFLOW,SMAX,SMIN,BETA
COMMON/X/X(NMAX)
C
REAL*8 L
DO 20 K=1,I
C
IF(STRESS(K).GT.-SFLOW.AND.STRESS(K).LT.BETA*SFLOW) GO TO 20
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10
20

SUM=0.0D0
DO 10 J=1,I
SUM=SUM+G(K,J,A,RHO)*STRESS(J)
CONTINUE
L(K)=F(K,S,A,RHO)-SUM
IF(L(K).LT.1.0D-10) L(K)=1.0D-10
CONTINUE
RETURN
END

C
C**********************************************************************
C
C Subroutine XCOORD computes the x coordinates X for each of
C the elements up through the Ith element for a given crack
C length A and plastic zone RHO.
C
C**********************************************************************
C
SUBROUTINE XCOORD(A,RHO,I,X)
IMPLICIT REAL*8 (A-H,O-Z)
PARAMETER (nmax=2000)
COMMON/WIDTH/W(NMAX)
DIMENSION X(NMAX)
X(1)=A+RHO-W(1)
DO 5 K=2,10
X(K)=X(K-1)-W(K-1)-W(K)
5
CONTINUE
IF (I.EQ.10) GO TO 15
X(I)=A-W(I)
DO 10 K=I,12,-1
X(K-1)=X(K)-W(K-1)-W(K)
10
CONTINUE
15
RETURN
END
C
C**********************************************************************
C
C Subroutine STRES computes elements stresses STRESS(J) for
C I elements when the applied loading is S. The crack size
C and plastic zone size must be given as A and RHO respectively.
C
C**********************************************************************
C
SUBROUTINE STRES(I,S,A,RHO,STRESS)
IMPLICIT REAL*8 (A-H,O-Z)
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DOUBLE PRECISION G,F
PARAMETER (nmax=2000)
DIMENSION STRESS(NMAX),INITL(NMAX),B(NMAX,NMAX),U(NMAX)
COMMON/STORE/GMAT(NMAX,NMAX),SIGMA(NMAX)
COMMON/LENGTH/L(NMAX)
COMMON/DATA/E,SFLOW,SMAX,SMIN,BETA
COMMON/X/X(NMAX)
REAL*8 L,INITL
C
C
C
C
C
5

For elements 1 to I-1, use the previous stresses as initial guesses
for stress computation. For the new element i use an initial guess
of STRESS(I) = -SFLOW
DO 5 K=1,I-1
INITL(K)=SIGMA(K)
CONTINUE
INITL(I)=-SFLOW

C

10
20
30
C

DO 20 K=1,I
DO 10 J=1,I
B(K,J)=G(K,J,A,RHO)
CONTINUE
CONTINUE
DO 30 K=1,I
U(K)=F(K,S,A,RHO)-L(K)
CONTINUE
EPS=SFLOW*0.01D0
CALL SYS(I,EPS,B,U,INITL,STRESS)
RETURN
END

C
C*********************************************************************
C
C Subroutine STRSOP computes the crack opening loading parameter
C SO when given stresses on the crack face STRESS(J) up through
C element I exist. The crack size is A. The loading parameter SK
C required to open the crack at X(K) is computed for each K. The
C largest value of SK is defined to be SO.
C
C**********************************************************************
C
SUBROUTINE STRSOP(STRESS,A,I,SO)
IMPLICIT REAL*8 (A-H,O-Z)
DOUBLE PRECISION G,F
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PARAMETER (nmax=2000)
PARAMETER (JMAX=40)
DIMENSION STRESS(NMAX)
COMMON/DATA/E,SFLOW,SMAX,SMIN,BETA
COMMON/X/X(NMAX)
C

10
C

20
C

SO=0.0D0
DO 20 K=11,I
SUM=0.0D0
DO 10 J=11,I
SUM=SUM+STRESS(J)*G(K,J,A,0.0D0)
CONTINUE
SK=SMAX*((SMIN/SMAX)-SUM/F(K,SMAX,A,0.0D0))
IF(SK.GT.SO)then
SO=SK
END IF
CONTINUE
RETURN
END

C
C
C**********************************************************************
C
C Subroutine DELTAA computes the increment in crack length DA associated
C with the the single cycle of load. The crack opening
C stress SO and the current crack length A are required inputs.
C Note that no plastic zone correction is used for crack length
C when computing stress intensity factors.
C
C**********************************************************************
C
SUBROUTINE DELTAA(SO,A,DA,KMAX)
IMPLICIT REAL*8 (A-H,O-Z)
EXTERNAL WGHTI,STRSNC,PSTRS
COMMON/DATA/E,SFLOW,SMAX,SMIN,BETA
COMMON/GROWTH/NBL,DKSTRT(5),DKFIN(5),CONST(5),EXPNT(5)
COMMON/SAWTOOTH/THETA,PD
COMMON/ELOX/AI,DELTA
COMMON/INTEGRATION/PDNUM
REAL*8 KMAX,KO
REAL*8 NBL
C
C
Compute Kmax using 10 point quadrature
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C
C
C
C
C
C
C
C
C
C

C
C
C
C
C
C

SUM=SINTPR(0.0D0,A,SMAX,A,STRSNC,WGHTi)
because of the periodic nature of the crack face stress, the integral to
find will kmax and k0 will have to be split into pieces of one period each
Note the integrations from the original version of FLAP remain, but have
been commented out
no periodic stress from 0 to ai
SUM1 = SINTPR(0.0D0,AI,SMAX,A,PSTRS,WGHTI)
calculate integration number of periods and iterations
DIST=(A-AI)/(PDNUM*PD)
ITER=CEILING(DIST)
SUM2=0.0D0
X1 = AI
DO I=1,ITER
IF(A.GE.X1+PDNUM*PD) THEN
X2 = X1+(PDNUM*PD)
ELSE
X2=A
END IF
STEP=SINTPR(X1,X2,SMAX,A,PSTRS,WGHTI)
SUM2=SUM2+STEP
X1=X1+(PDNUM*PD)
END DO
KMAX=2.0D0*(SUM1+SUM2)
Compute Ko using 10 point quadrature
SUM=SINTPR(0.0D0,A,SO,A,STRSNC,WGHTi)
this integral is also broken up into periods as outlined for kmax above
SUM1 = SINTPR(0.0D0,AI,SO,A,PSTRS,WGHTI)
SUM2=0.0D0
X1 = AI
DO I=1,ITER
IF(A.GE.X1+PDNUM*PD) THEN
X2 = X1+(PDNUM*PD)
ELSE
X2=A
END IF
STEP=SINTPR(X1,X2,SO,A,PSTRS,WGHTI)
SUM2=SUM2+STEP
X1=X1+(PDNUM*PD)
END DO
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C
C

KO=2.0D0*(SUM1+SUM2)
KO=2.0D0*SUM
DK=(KMAX-KO)/1000.0D0

C

10
C
20

DO 10 I=1,NBL
IF(DK.LE.DKFIN(I).AND.DK.GE.DKSTRT(I)) THEN
DA=CONST(I)*(DK)**EXPNT(I)
GO TO 20
ENDIF
CONTINUE
WRITE(*,*)'ERROR IN FUNCTION DELTAA***'
RETURN
END

C
C**********************************************************************
C
C Function subprogram SINT computes the integral of the function
C FUN(XI,VAR1) with respect to XI from XI1 to XI2. A ten point
C Gauss-Chebyshev quadrature is used.
C
C**********************************************************************
C
DOUBLE PRECISION FUNCTION SINT(XI1,XI2,VAR1,FUN)
IMPLICIT REAL*8 (A-H,O-Z)
DIMENSION XC(5)
DATA XC/0.987688340595138D0,0.891006524188368D0,
+ 0.707106781186548D0,0.453990499739547D0,0.156434465040231D0/
DATA W/0.314159265358979D0/
F1(XI)=FUN(XI,VAR1)
F2(XI)=F1(XI)*DSQRT(XI2-XI)*DSQRT(XI-XI1)
SINT=0.0D0
DIFFER=XI2-XI1
IF (DIFFER.LE.1.0D-15) THEN
SINT=0.0D0
GO TO 20
ENDIF
XIM=0.5D0*(XI2+XI1)
XIR=0.5D0*(XI2-XI1)
SINT=0.0D0
DO 10 J=1,5
DXI=XIR*XC(J)
SINT=SINT+F2(XIM+DXI)+F2(XIM-DXI)
10
CONTINUE
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20

SINT=W*SINT
RETURN
END

C
C**********************************************************************
C
C Function subprogram SINTPR computes the integral of the product
C function FUN1(XI,VAR1)*FUN2(XI,VAR2) with respect to XI
C from XI1 to XI2. A ten point Gauss-Chebyshev quadrature is used.
C
C**********************************************************************
C
DOUBLE PRECISION FUNCTION SINTPR(XI1,XI2,VAR1,VAR2,FUN1,FUN2)
IMPLICIT REAL*8 (A-H,O-Z)
DIMENSION XC(5)
DATA XC/0.987688340595138D0,0.891006524188368D0,
+ 0.707106781186548D0,0.453990499739547D0,0.156434465040231D0/
DATA W/0.314159265358979D0/
F1(XI)=FUN1(XI,VAR1)*FUN2(XI,VAR2)
F2(XI)=F1(XI)*DSQRT(XI2-XI)*DSQRT(XI-XI1)
XIM=0.5D0*(XI2+XI1)
XIR=0.5D0*(XI2-XI1)
SINTPR=0.0D0
DIFFER=XI2-XI1
IF (DIFFER.LE.1.0D-15) THEN
SINTPR=0.0D0
GO TO 20
ENDIF
DO 10 J=1,5
DXI=XIR*XC(J)
SINTPR=SINTPR+F2(XIM+DXI)+F2(XIM-DXI)
10
CONTINUE
SINTPR=W*SINTPR
20
RETURN
END
C
C
C**********************************************************************
C
C Function subprogram DBINT computes the integral of the product
C function FUN2(VAR2,ALPHA)*SINT(XI1,ALPHA,ALPHA,FUN1) with respect
C to ALPHA from ALPHA1 to ALPHA2. A ten point Gauss-Chebyshev
C quadrature is used.
C
C**********************************************************************
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C
DOUBLE PRECISION FUNCTION
DBINT(ALPHA1,ALPHA2,XI1,VAR2,FUN1,FUN2)
IMPLICIT REAL*8 (A-H,O-Z)
DIMENSION XC(5)
DATA XC/0.987688340595138D0,0.891006524188368D0,
+ 0.707106781186548D0,0.453990499739547D0,0.156434465040231D0/
DATA W/0.314159265358979D0/
F1(ALPHA)=SINT(XI1,ALPHA,ALPHA,FUN1)*FUN2(VAR2,ALPHA)
F2(ALPHA)=F1(ALPHA)*DSQRT(ALPHA2-ALPHA)*DSQRT(ALPHA-ALPHA1)
DBINT=0.0D0
DIFFER=ALPHA2-ALPHA1
IF (DIFFER.LE.1.0D-15) THEN
DBINT=0.0D0
GO TO 20
ENDIF
ALPHAM=0.5D0*(ALPHA2+ALPHA1)
ALPHAR=0.5D0*(ALPHA2-ALPHA1)
DO 10 J=1,5
DALPHA=ALPHAR*XC(J)
DBINT=DBINT+F2(ALPHAM+DALPHA)+F2(ALPHAM-DALPHA)
10
CONTINUE
DBINT=W*DBINT
20
RETURN
END
C
C**********************************************************************
C
C Function subprogram DBINTPR computes the integral of the product
C function
FUN3(VAR2,ALPHA)*SINTPR(XI1,ALPHA,VAR1,ALPHA,FUN1,FUN2)
C with respect to ALPHA from ALPHA1 to ALPHA2. A ten point
C Gauss-Chebyshev quadrature is used.
C
C**********************************************************************
C
DOUBLE PRECISION
+FUNCTION DBINTPR(ALPHA1,ALPHA2,XI1,VAR1,VAR2,FUN1,FUN2,FUN3)
IMPLICIT REAL*8 (A-H,O-Z)
EXTERNAL FUN1,FUN2
DIMENSION XC(5)
DATA XC/0.987688340595138D0,0.891006524188368D0,
+ 0.707106781186548D0,0.453990499739547D0,0.156434465040231D0/
DATA W/0.314159265358979D0/
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F1(ALPHA)=SINTPR(XI1,ALPHA,VAR1,ALPHA,FUN1,FUN2)*FUN3(VAR2,ALPH
A)
F2(ALPHA)=F1(ALPHA)*DSQRT(ALPHA2-ALPHA)*DSQRT(ALPHA-ALPHA1)
DBINTPR=0.0D0
DIFFER=ALPHA2-ALPHA1
IF (DIFFER.LE.1.0D-15) THEN
DBINTPR=0.0D0
GO TO 20
ENDIF
ALPHAM=0.5D0*(ALPHA2+ALPHA1)
ALPHAR=0.5D0*(ALPHA2-ALPHA1)
C
write(*,*)"dbintpr",F1(alpham), F1(alpham)
DO 10 J=1,5
DALPHA=ALPHAR*XC(J)
DBINTPR=DBINTPR+F2(ALPHAM+DALPHA)+F2(ALPHAM-DALPHA)
10
CONTINUE
DBINTPR=W*DBINTPR
20
RETURN
END
C
C**********************************************************************
C
C Function subprogram DBINTCL computes the integral of the product
C function FUN2(VAR2,ALPHA)*SINT(XI1,XI2,ALPHA,FUN1) with respect
C to ALPHA from ALPHA1 to ALPHA2. A ten point Gauss-Chebyshev
C quadrature is used. Note that the first integral has
C
limits of integration which are constants.
C
C**********************************************************************
C
DOUBLE PRECISION
+FUNCTION DBINTCL(ALPHA1,ALPHA2,XI1,XI2,VAR2,FUN1,FUN2)
IMPLICIT REAL*8 (A-H,O-Z)
EXTERNAL FUN1
DIMENSION XC(5)
DATA XC/0.987688340595138D0,0.891006524188368D0,
+ 0.707106781186548D0,0.453990499739547D0,0.156434465040231D0/
DATA W/0.314159265358979D0/
F1(ALPHA)=SINT(XI1,XI2,ALPHA,FUN1)*FUN2(VAR2,ALPHA)
F2(ALPHA)=F1(ALPHA)*DSQRT(ALPHA2-ALPHA)*DSQRT(ALPHAALPHA1)
DBINTCL=0.0D0
DIFFER=ALPHA2-ALPHA1
IF (DIFFER.LE.1.0D-15) THEN
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DBINTCL=0.0D0
GO TO 20

10
20

ENDIF
ALPHAM=0.5D0*(ALPHA2+ALPHA1)
ALPHAR=0.5D0*(ALPHA2-ALPHA1)
DO 10 J=1,5
DALPHA=ALPHAR*XC(J)
DBINTCL=DBINTCL+F2(ALPHAM+DALPHA)+F2(ALPHAM-DALPHA)
CONTINUE
DBINTCL=W*DBINTCL
RETURN
END
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