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A game theoretic approach is used to analyze an inventory problem with two
products, random demand, and random supply. The supply chain analyzed includes two
retailers that sell two substitutable products and two suppliers. Each retailer faces a
stochastic demand for the product she sells and replenishes her inventory from her
supplier. The supplier provides a random fraction of the quantity requested. A given
percentage of customers with unmet demand will substitute the product sold by the other
retailer. We assume that the two retailers who make ordering decisions are rational
players. Since each retailer's decision affects the single period expected profit of the other
retailer, game theory is used to find the order quantities when the retailers use a Nash
strategy.
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CHAPTER I
INTRODUCTION

1.1. Introduction
This paper explores the analysis of an inventory problem with substitution when
demand and yield are uncertain. Inventory problems have been a popular research topic
in the literature due to their managerial applicability to the real cases, and also to their
complex mathematical nature involving uncertainties. In the inventory literature, a
standard problem is to investigate the optimal inventory policies by defining the best
stocking and ordering levels. A number of papers use probabilistic models of demand,
supply and substitution behaviors in order to analyze optimal order quantities and stock
levels under uncertainty. A common example of a traditional inventory problem is
“newsvendor problem” where, uncertainty in the problem setting is due to the stochastic
nature of the demand. The newsvendor problem has a single period inventory structure,
where remaining products at the stocks are not carried forward into the next period. The
problem considers single period perishable items and it is assumed that unmet demand is
lost. The objective is to find the best order quantities that maximize the expected profit.
The newsvendor problem has been a hot research topic in the literature, especially since
60s. Many researchers analyzed several versions and extensions of the problem. Khouja
(1999) provides a very detailed literature review about the newsvendor problem and
1

presents suggestions for future research. Knouja (1999) classifies the extensions of
newsboy problem into 11 categories: Extensions to different objectives and utility
functions, extensions to different supplier pricing policies, extensions to different newsvendor pricing policies and discounting structures, extensions to random yields, extension
to different states of information about demand, extensions to constrained multi-product,
extensions to multi-product with substitution, extensions to multi-echelon systems,
extensions to multi-location models, extensions to models with more than one period to
prepare for the selling season, and other extensions. In this sense, our problem setting is
similar to the newsvendor problem as we consider a single-period inventory structure.
However, our problem setting is more comprehensive and complicated than the
traditional newsvendor problem, as we consider not only stochastic demand but also
stochastic supply and substitution behavior of customers. We can argue that our problem
setting falls into the category of extensions with random yield and extensions to multiproduct with substitution. Additionally, we analyze those extensions in a game theoretic
context as our model involves two newsvendors with conflicting objectives. In our
problem setting, the two newsvendors (referred as “retailers” during the rest of this paper)
compete for product availability, invoking the game theoretic nature of our problem
setting.
The term “substitution” refers to the fact that a demand for an item occurs when,
that item is a substitute of another item which is currently unavailable. In other words,
some customers with unsatisfied demand will switch to another product if that one is
available in stocks. In our problem setting, we investigate the optimal inventory planning
2

of two substitutable products that are sold by two independent retailers. It is important to
consider

the

substitution

between

products

because,

in

most

of the

real

production/inventory problems, customers tend to substitute to other retailers (or
products) while their demand is not satisfied. In such a case, ignoring the product
substitution at problem formulation and analysis can cause significant profit implications.
McGillivray and Silver (1978) performed the first study of substitutability in EOQ
context, followed by many researchers in the area as will be discussed in the literature
review section. Product substitution has many practical examples in the literature, such as
similar products of different brands (i.e. batteries, laptops, memory chips), certain style
goods (i.e. two clothes of different colors), or food industry (margarine and butter, fastfood industry, etc.).
Examining the nature of single-period optimization models has been a popular
research area in the literature, especially while analyzing inventory levels of perishable
items or commodities with short shelf-life. Typical example of perishable products (or
short shelf-life commodities) are meats, poultry, fish, cooked vegetables, dairy products,
eggs, fresh produce such as melons and sweet corn, periodicals, newsletters, and
technologic devices such mobile phones and computers, etc. Especially, food industry is
one of the industries where product perishability becomes a major concern, because
perishable foods contain similar amount of moisture, pH, and protein as the ones of
human body. In food industry, the products have an associated marginal value of time
that attains its peak at the time of harvest, and deteriorates exponentially afterwards. In
this setting, it is very important to efficiently define order quantities, as overage or
3

underage would result in significant loss in profit. Defining the optimal order quantities
and inventory levels of perishable products is an intensely studied topic by both
academicians and practitioners because the problem has wide applications in real world
cases. One of the most important properties related with managing the inventory of
perishable products is the fact that those products are easily available in the market, and
similar products that can substitute each other are sold by different entities (retailer,
seller, and supplier). Food industry is a perfect example where both perishability and
substitution affect the ordering/production decisions of the goods. Especially, it is known
that substitution rates of perishable products and necessities (i.e. bread, water, etc) are
higher (Nagarajan and Rajagopalan, 2008). For instance, when we consider the seafood
industry, we can observe that similar kinds of fishes are sold by different fishmongers.
When one of the retailers stocks out, customers may substitute to the other retailer.
Similarly if the retailer overstocks the fishes to prevent the substitution and the stock out,
she may still result in profit loss because of unsold and perished items. In such a setting,
perishability, substitution behavior of customers and the presence of alternatively
substitute products/competitors affect the best daily-order (production) decision of a
retailer.
When multiple agents that sell substitutable commodities are involved in the
supply chain, the decision of making right production/ordering decisions becomes more
complex, because the optimal inventory decision of one retailer does not only depend on
the expected demand but also on the ordering decisions of other competing retailers: If
retailer i stocks out, some customers with unmet demand will switch to substitute
4

products sold by other retailer j. This results with an interactive optimization problem
where decisions of multiple entities affect each entity’s payoff. In order to analyze such
an interactive problem settings involving multiple agents of conflicting objectives, game
theory has been an effective tool. With these motivations, we adapt a game theoretic
approach to analyze a single-period inventory problem of two substitutable products that
are sold by two competing retailers.
One of the main differences of our problem setting from traditional inventory
problems with substitution is the presence of supply uncertainty. In most of the inventory
systems, there is generally an implicit assumption that the full amount of quantity ordered
is provided by the supplier. However, in the real cases, this assumption becomes
unrealistic because suppliers cannot always meet the quantity ordered by the retailers.
This yield uncertainty may depend on various facts such as supplier capacity limitations,
presence of defective items in the lots, etc. While retailers make their ordering/stocking
decisions, they should also consider the configuration of the supplier base, especially
when there is a risk of stochastic yield. The best order quantities found by mathematical
analysis become more accurate if random yields are not ignored while computing the
inventory policies of retailers. Considering supply uncertainty makes our problem setting
more realistic and our results more applicable to real cases.

1.2. Brief Problem Description
We consider a single-period inventory problem of two products that can be used
as substitute for each other. Each of the products is sold by two independent retailers of
5

conflicting objectives who compete for product availability. While retailer i cannot
satisfy the demand for a product i, a given percentage of customers with unmet demand
switch to the substitute product j sold by retailer j, if the alternative product j is available
in the stocks of the competing retailer j. In such a setting, ordering/stocking levels of a
retailer depend both on substitution effects and also on the well known trade-off between
overstocking versus under-stocking. Additionally, when a retailer places an order to the
corresponding supplier, the supplier provides a random fraction of the quantity requested,
which results in uncertain yield. Optimal ordering quantities should be defined by solving
an interactive optimization problem where ordering decisions of a retailer affects other
retailer’s payoff. Assuming that each retailer is rational, the problem setting yields a
traditional non-cooperative, non-zero sum games in supply chain analysis.
Parlar (1988) performed one of the first studies that analyze the newsvendor
problem with two competing retailers in a game theoretic setting. In his study, he
considers two substitutable products that are sold by two competing retailers. He proves
the existence and uniqueness of Nash equilibrium in his supply chain setting. In this
paper, the problem setting of Parlar (1988) is adopted and extended in a way that random
yields are included to the problem definition. As supply uncertainties are included to the
problem definition, the work of Parlar (1988) becomes a special case of our problem
setting (the case where the quantity received is equal to quantity ordered). As the problem
setting involves uncertainty in terms of supply and demand for both of the retailers, it
includes four independent random variables which make the mathematical analysis more
complicated than the setting of Parlar (1988). Advanced calculus and integrations
6

techniques are required to solve and analyze the optimal ordering quantities as well as to
prove the existence and uniqueness of Nash equilibrium.

1.3. Motivations and Objectives
Supply chains are inter-connected networks where there is a flow of material,
information and funds between multiple entities. Also, supply chains are complex
networks where the performance of one entity affects the payoff of others. For example,
in a two stage supply chain where there are retailers and suppliers, if the supplier cannot
provide the quantity requested by the retailer, the stock levels of the retailer will be
affected and the retailer will risk losing his customers due to unsatisfied demand. In
today’s/tomorrow’s general business and operating environment, there is a rapid change
that makes the competition more intense and global. Especially the market faces with
high demand and growth, and involves more alternatives. Furthermore, customers are
also more demanding and information rich. In this competitive setting, making “the right
decision” at right time is essential to survive. However, making the right decision is
challenged by uncertainties of the system such as stochastic demand, uncertain yield,
capacity constraints and other configurations at upstream and downstream levels of the
supply chain. In our problem setting, we aim to help retailers to define the best ordering
decisions under supply and demand uncertainties. The problem setting considered in this
paper is a more accurate representation of reality while compared to traditional inventory
planning settings, since we relax the implicit assumption of receiving as much as the
quantity ordered. In this sense, we aim to extend the work of Parlar (1988) by inserting
7

stochastic yield into their problem definition. By doing so, the best ordering quantities
found by mathematical analysis will be more effective, as the retailers consider supply
uncertainty while defining order/stock levels. Additionally, as the problem setting
involves another competing retailer j, the ordering decision of retailer i affects the profit
and competitiveness of retailer j, and vice versa. This setting is an interactive
optimization problem that can be addressed by a game theoretic approach. In the
literature, there are many researches about game theoretic analysis in supply chains, as
well as inventory management of substitutable products and optimal ordering decisions
under uncertain supply and demand. However, our problem setting involves stochastic
demand, uncertain supply, and substitution behavior of customers and we analyze this
context through a game theoretic approach, which has not been investigated before in the
literature. Through this analysis, we expect to solve the retailer’s problem of making the
“right” ordering decisions while the supply chain involves another competing retailer,
uncertain supply, stochastic demand and substitution behavior of customers. To do so,
we proved the uniqueness and existence of Nash equilibrium, and derived mathematical
formulation for the best ordering decision.

8

CHAPTER II
LITERATURE REVIEW

Analysis of an inventory problem has been a popular research area in the
literature since 60’s, encompassing a number of approaches and methodologies. It is
possible to divide the inventory literature into various specific subgroups and trends. Our
study is related to four main categories of the inventory literature and combines them into
a unique problem that has not been studied before. The streams of research that are
closely related to our study can be grouped as: inventory models of substitutable
products, mathematical analysis of the inventory problems, game theoretical approaches
in supply chain management, and inventory planning under supply uncertainty. In this
section, those four literatures will be discussed and introduced in detail. Although each of
those fields include various and diverse research methodologies and solution approaches,
none of the studies so far combined all of those settings and analyzed an inventory
problem with substitution, random yield and demand by using game theoretic approach.
Our contribution is to combine the uncertain supply literature with the game theoretical
approaches in supply chain literature and the inventory management with substitutable
product literature.

9

2.1. Inventory Models for Substitutable Products
Several researchers consider the extension of traditional newsvendor problem to
multi-product inventory models with substitution, in which either customer with
unsatisfied demand substitute another product sold by the same retailer, or switch to a
product sold by the competitor. However, the substitution behavior is not only observed
at customer level, decision makers may also consider product substitution in case of stock
out. That is the reason why, the inventory literature with substitution can be first of all
classified into two sub-groups, depending on the entity who performs the substitution
decision. First of all, the substitution literature where the decision maker drives the
substitution is refereed as transshipment literature, because in this setting, transshipment
or transfer of products among different locations or layers of the supply chain may occur.
Example of transshipment literature includes the following researches: Axsater (2003)
analyses a single-echelon inventory system involving multiple warehouses among which
emergency lateral transshipments from one warehouse to the other one occurs in case of
stock out. The flow structure considered in his paper is unidirectional. Axsater (2003)
proposes an efficient approximate technique to evaluate the inventory policy of this
setting and show how the inventory system is affected by lateral transshipments and
substitutions. Deniz et al. (2004) analyze the inventory problem of substitutable products
from the supplier’s perspective, assuming that the customers are always willing to
substitute to other products when substitution is proposed. In their study, they focus on
the effect of different substitution policies in order to define which substitution type is
more profitable in a given inventory policy. They analyze four substitution settings: (1)
10

No-substitution where demand for a particular product can only be satisfied with that
product type, (2) Downward substitution, where demand for first product can only be
satisfied by the first product whereas demand for the second product can be both satisfied
by the first and second product type, (3) Upward substitution where demand for second
product can only be satisfied by the second product whereas demand for the first product
can be satisfied by both the first and the second product, (4) Full substitution, where
demand of the both products can be satisfied by using both product types (downward and
upward substitution combined together). They study concluded that “inventory is
‘fresher’ by downward substitution”. Axsater (2003) provides a new decision rule for
lateral transshipment where he focuses on a setting consisting of multiple parallel local
warehouses in a single echelon inventory system. In this setting, the demand for the
products is represented by a compound Poisson demand and lateral transshipments occur
between warehouses. In this paper, Axsater (2003) focuses on finding the best
transshipment rule where the decision of whether the whole unmet demand or a part of it
should be covered by substitution. For this purpose, he develops a heuristic that would
minimize the expected cost under substitution. Another example of multi location
inventory system under substitution is performed by Archibald et al. (2007) who perform
decomposition to address this problem as a Markov decision process model. In the
literature, simulation based optimization for multi location transshipment problem are
also available (Ekren and Heragu, 2008). Herer and Tzur examine the transshipment
problem in a dynamic and deterministic setting. Hu et al. (2005) also address a multiple
retailer distribution system under emergency transshipments and determine the impact of
11

transshipments on ordering policies by dynamic programming approach. As it can be
seen from those examples, transshipment literature is vast and involves variegated
researches (Weber 2002, Zhao et al. 2006, Olsson 2008).
Secondly, the setting where consumers give the substitution decision is referred as
customer-driven substitution. In customer-driven substitution literature, it is generally
assumed that the substitution decision is binary, substitution occurs fully or not at all.
Customer responses to stock outs, as well as optimal inventory levels are investigated in
the literature. Especially, there is a vast marketing literature, where customer response to
stock out is analyzed and the substitution behavior of the customers is estimated.
However, the focus of inventory literature is not to investigate or estimate the substitution
behavior of the customers, but instead to incorporate the substitution behaviors of
customers to the inventory level/order quantity decisions. The most common approach in
inventory literature is to assume that the substitution behavior of customers is known by
the decision maker. This means that a given percentage of customers with unmet demand
switch to another available product. In other words, the decision maker knows the
quantity of item i customers substitute for one unit of item j and vice versa. In order to
not deviate from the general inventory decision making theme of this study, we will also
adopt the same approach as the other researchers and we will assume that the retailers
know the substitution behavior of the customers. In the literature, this approach is
referred as substitution occurring according to fixed probabilities. Parlar and Goyal
(1984) investigated the classical setting in which optimal ordering decisions of two
products sold by one retailer is analyzed. They analyze a single period two-product
12

inventory problem where salvage values and lost sales penalties are assumed to be zero.
In their problem setting, both of the products are substitute for each other in case of
stock-out. They use fixed probabilities approach for substitution behaviors. They prove
that the expected profit of the retailer is concave under certain conditions. They propose
an iterative solution technique to define best order quantities. An extension of this
research is performed by Khouja et al. (1996). They revisited the same problem of twoproduct one retailer single period inventory problem and investigated the expected profit
of the retailer when salvage and penalty costs are positive. However, due to the
complexity of the problem, they could not prove the concavity; instead, they developed a
Monte Carlo simulation to define best ordering decisions. Other examples of studies
related with inventory models for substitutable products can be stated as Smith and
Agrawal (2000), Campo et al. (2000), Netessine and Rudi (2003), Nagarajan and
Rajagopalan (2008). To sum up, several studies in this area, as stated above, showed that
optimal inventory levels can be significantly affected by substitution effects. Product
substitutions are important events that cannot be ignored while giving decisions about
inventory levels and order quantities.

2.2. Mathematical Analysis of Inventory Management under Substitution
Inventory literature with substitution is not a new research area, and it involves
various approaches. Most commonly, mathematical analysis of the inventory problem is
investigated, resulting in optimal policies and heuristics. Netessine and Rudi (2003)
analyze the optimal stocking of the substitutable products under centralized inventory and
13

competition. They obtain analytical solutions to compare inventory management under
centralized and competitive case. Parlar (1985) constructs a Markov decision model to
derive optimal ordering policies of substitutable products which perish in two periods.
Bassok et al. (1997) study single period multi product inventory setting where products
are fully downward substitutable and have proportional costs and revenues. They
mathematically analyze the properties of the profit function and optimal solution.
Rajaram and Tang (2000) study the effects of substitution on order quantities and
expected profits. To do so, they develop a heuristic to find order quantities and profit and
they analyze how the demand uncertainty and degree of substitution influence order
quantities. In a similar setting, Smith and Agrawal (2000) construct a probabilistic
demand model in order to analyze the impact of substitution on the expected profit and to
determine optimal inventory levels. Rudi et al. (2001) mathematically analyze an
inventory problem where transshipment can occur between two independent locations
under local decision making. They analyze expected profits under local decision making
and the conditions that maximize joint profits. Robinson (1990) studies the effects of
transshipment among different retail outlets on the optimal ordering policy and expected
cost. Mahajan and Ryzin (2001) study a single period inventory problem where
customers dynamically make substitution among different product in case of stock out.
The substitution occurs with respect to the utilization maximization criteria. Under this
setting, they mathematically analyze the properties of expected profit functions. They
propose a stochastic gradient algorithm to find the global optimal of stocking retail
assortments. Axsater (1990) provides a technique to model lateral transshipments in
14

continuous review inventory systems where replenishments are performed one-for-one
and demands are Poisson. Hsu and Bassok (1999) analyze a single period inventory
problem with multiple products, and downward substitution. They model the system as a
two stage stochastic program and decompose it into a network flow problem. Drezner et
al. (1995) mathematically analyze an EOQ model with substitution. They consider two
fully substitutable products and investigate the cases of no substitution, partial
substitution and full substitution between products. They conclude that full substitution is
never optimal and only partial or no substitution policy may yield to the optimal solution.
Liu and Lee (2006) evaluate multi-item base-stock policies where substitutions are
unidirectional. They develop Markovian models to evaluate inventory policies. As it can
be seen from those examples, mathematical analysis of the inventory problems with
substitution has been an attractive research area especially for the last few decades and
various approaches are proposed to evaluate and analyze the inventory policies and well
as to maximize the expected profit.

2.3. Game Theoretic Approaches in Supply Chain Management
Another approach which is available in the inventory of substitutable product
literature is to perform game theoretic approach to analyze inventory policies and to
define optimal order quantities. Game theory is one of the essential tools to analyze
supply chains involving multiple entities, often with conflicting objectives. In this thesis,
our main focus is to perform a game theoretic approach to analyze the inventory problem
of two substitutable products sold by two independent rational players, because those two
15

players compete for product availability. Related research in this area can be summarized
as follows: Cachon and Netessine (2006) present a detailed guide of game theoretic
analysis at supply chains. Dai et al. (2005) focus on a game theoretic analysis of a
distribution system with one supplier and two retailers. The supplier might have infinite
or finite capacity. They investigate inventory control decisions of the retailers in single
period model by using Nash games. Avsar and Gursoy (2002) analyze a stochastic game
application to inventory control problem of substitutable product. Their problem setting
involves two independent retailers who sell two substitutable products. They formulate
the problem as two-person nonzero-sum game, and show that a unique Nash equilibrium
exists in the case of linear ordering costs. They analyze the Nash equilibrium for
stationary base stock strategies. Our research differs from their setting as we investigate
the existence of Nash equilibrium in two-person non-zero sum game with stochastic yield
and demand. However, both Parlar (1988) and Avsar (2002) ignore supply uncertainty in
their setting, which can be cited as the major contribution of our research. Li et al. (1996)
use game theory to analyze the impact of buyer-seller cooperation on inventory control.
They first investigate a non-cooperative system where the buyer first makes the decision
of order quantities and the buyer then makes his decision of demand. In the second case,
they relax the leader-follower relationship and analyze the case where the seller and
buyer maximize the joint profit function of the system cooperatively. They compare the
two systems and derive interesting insights. Leng and Parlar (2005) provide an extensive
review about game theoretic applications in supply chain management. They review more
than 130 papers that are related with game theoretical applications for supply chain
16

management and present a summary of basic solution concepts such as Nash and
Stackelberg equilibrium. Reyes (2005) applies game theoretic approach to solve the
transshipment problems by using Shapley value concept.
Although our research is related with the previous game theoretical studies in
supply chain management, we mainly focused on extending the work of Parlar (1988) as
already mentioned. In this section, we would like to introduce the work of Parlar (1988)
in detail. In this paper, Parlar analyzes a non-zero sum, two-player game. He focuses on
an inventory problem where there are two substitutable products with random demands
that are sold by two independent retailers. The two decision makers decide on their
ordering quantities and it is assumed that the substitution rates of the customers with
unsatisfied demand are known. Game theoretical approach is used to find the optimal
order quantities for each of the retailers since each decision maker’s order quantities
affect the other’s single-period expected profit. Parlar (1988) proves the existence and
uniqueness of the Nash equilibrium in this system. He also analyzes additional cases
where decision makers behave irrationally and aim to create the maximum damage to the
other player by ordering as much as possible. Finally, he analyzes the joint objective
function for the retailers while they decide to corporate. He mathematically proves that
corporation increases the well-being of both players.

2.4. Inventory Planning under Supply Uncertainty
There are two main motivations in introducing random yields to the classical
inventory planning problems: Supplier capacity limitations (available production
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capacity), and the presence of defective items in the lots. In our problem setting, each of
the retailers has a supplier that is independent from each other. When the retailers place
the orders to their corresponding suppliers, the quantity received is a random variable. As
our major contribution is introducing supply uncertainty to the problem setting of Parlar
(1988), we investigated the random yield literature in detail. In the inventory literature,
random yield has also been studied frequently over the last few decades. For example,
Henig and Gerchak (1990) perform a comprehensive mathematical analysis on the
structure of periodic review inventory model with random yield. Parlar and Perry (1996)
use concepts from renewal reward process to analyze the supply uncertainty in the case of
single, two and multiple suppliers. Kalpakam and Arivarignan (1990) analyze a
stochastic model of an inventory system with Poisson demands, fixed ordering size and
random supply. In the random supply literature, two major approaches are used to model
uncertainty in the yield. The first approach is to use a probability density function of the
quantity received given quantity requisitioned (Silver 1976, Kalbo and Gohil 1982, Wu
and Lin 2004). The second approach is to assume that a percentage of the quantity
requested is received, while this percentage is a random variable with a given probability
distribution (Shin 1980, Anupindi and Akella 1993, Agrawal and Nahmias 1997).
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CHAPTER III
MATHEMATICAL ANALYSIS

3.1. Problem Definition
We analyze a single period inventory problem with two products, stochastic
demands, and random yields. The supply chain analyzed includes two retailers who sell
two substitutable products (Product_1 and Product_2) and two suppliers. Each retailer
faces a stochastic demand for the product she sells and replenishes her inventory from her
supplier. The demands for the products are independent from each other, and have a
known probability density function (pdf) and cumulative density function (cdf). Each
retailer faces the traditional newsvendor problem: she sells a perishable product and must
give the best ordering decision that maximizes her expected profit in a single period
framework. However, products sold by both of the retailers are substitute for each other:
We assume that a given percentage of customers with unmet demand will substitute the
product sold by the other retailer. As it is already discussed in the literature review
section, this assumption is frequently used in the substitutable product inventory literature
and is referred as substitution with fixed probabilities. Additionally, each retailer has her
own supplier, who is independent from each other. When a retailer places an order to the
corresponding supplier, the quantity supplied is uncertain and is a fraction of the quantity
requested. This percentage is a random variable with a known pdf and cdf. Delivery
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contract of the supplier is single delivery; she delivers whatever could be produced. We
also adopt another traditional assumption of the newsboy problem while defining the
problem parameters: we posit that selling price is greater than the purchase price which is
greater that salvage value. Due to the substitutions, the problem becomes a interactive
optimization problem where each retailer's ordering decision affects the single period
expected profit of the other retailer, and where each retailer compete on product
availability. Assuming that retailers behave rationally, game theory is used to find the
order quantities when the retailers use a Nash strategy.

Figure 1 Visualization of the Problem Definition

Figure 1 illustrates our problem setting and the relative supply chain. In the Figure
1, uncertainties are represented by the round shape. As one can observe, there are two
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types of customers (those who request Product_1 and those who request Product_2) with
stochastic demand. The cdf of the demand for product i is denoted by

( ) where i=1,2.

Similarly, as the yields are also uncertain, suppliers are represented by the round shape as
well. There are two independent suppliers with stochastic yields: they provide a random
percentage p of the quantity requested. This percentage is assumed to a random variable
between zero and one and has a cdf denoted by

( ) where i=1,2. In Figure 1, the

decision makers are represented by the rectangular shape. There are two rational decision
makers (retailers) who decide on their order quantities
product (First retailer deciding on

(i=1,2) for their corresponding

for Product_1, and the second retailer deciding on

for Product_2). In Figure 1, flows are shown by arrows. Major flows of the system
represented in Figure 1 are the flow of information (i.e. demand, yield, order quantities,
and fixed probabilities for substitution). The flow between the supplier and the retailer
consist of the order quantities

and the random fraction of the quantity requested

provided by the supplier i, i=1,2. Similarly, the flow between retailers and the customers
are represented by arcs: Customers request

unit of product i from the retailer i. The

retailer can either satisfy the whole demand

or only a part of it (

depending on her stock levels. In case of stock out, a given percentage
with unsatisfied demand (

−

ℎ

<

)

of customers

) substitute to product j (where i, j=1,2 and

≠ )

sold by the competitive retailer j. As the payoff of each retailer is affected by the ordering
decision of the other retailer, game theory is used to find the best ordering decisions that
equilibrate the system.
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3.2. Notations

ci = Purchase cost per unit of product i, i = 1,2
ri = Selling price per unit of product i
si = Salvage value per unit of product i

 i = Penalty cost for each unsatisfied demand of product i
Qi = Order quantity of product i
d i = Random demand for product i with density f i ( d i ) and c.d.f. Fi ( d i )
pi = The fraction of Qi received (a random variable) 0  p i  1
G i (p i ), g i (p i ) = cdf and pdf of the p i

 i : Fraction of customer i's demand which will switch
to product j when product i is sold out;
0   i  1 where i, j =1,2 and i  j
 i (Q1 , Q2 ) : Random profit for retailer i = 1,2 with K i  E ( i )

3.3. Game Setup
To break the ground for the detailed analysis of our problem, we would like to
briefly discuss basic game theoretic concepts that are relevant to our problem setting and
solution approach. Game theory is an efficient approach to solve interactive optimization
problems where the decision of each entity affects other entities’ payoffs. In our problem
setting, interdependence of players’ payoffs is due to the fact that both of the retailers sell
substitutable products (products that are alternative for each other in case of stock out).
As such, when retailer i stocks out, a given percentage of her customers with unsatisfied
demand switch to retailer j and vice versa. As a result, each of the retailer’s demand
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consists of the demand for their own product and the demand coming from the
substitution. Hence, retailers have conflicting objectives since they compete on product
availability. Payoffs of the retailers become then a function with the two decision
variables: K  E (  ( Q , Q )), i = 1,2.
i

i

1

2

The game considered in this paper is a non-cooperative static game. We assume
that there is no cooperation between the players. Hence, each of the players decides their
own strategy simultaneously and sticks to that decision once a strategy is chosen. In our
inventory game, the strategy of each player i is the order quantity Q . The term static
refers to that simultaneous decision given without knowing the decision of the other
player. The most common assumption made in this type of game is the rationality
assumption (each of the players inquire for a rational augury of the way how the game
will be played). The solution approach for this kind of game is to seek for the Nash
Equilibrium, as will be explained in detail in the proceeded sections. In our problem
setting, we also adapt complete information assumption, where information about each
retailer’s strategy and payoff is known to other retailer.
Unlike static games, decisions are made over time in the dynamic games: A
common example of dynamic games is the Stackelberg games, where the first player is
the Stackelberg leader who gives the first decision. Thereafter, the second player is the
Stackelberg follower who decides on her own strategy after learning the strategy of the
Stackelberg leader. However, dynamic games are out of the scope of this paper. In our
problem setting, player i and j choose their own strategies (order quantity Q and Q , i ≠ j)
simultaneously, thereafter adopt their corresponding actions (place an order of Q and Q
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units). Also, a player’s set of feasible strategies is independent of the strategies selected
by other player.
Another important game theoretic concept is pure strategy versus mixed strategy.
Pure strategy refers to the cases where players choose specific strategies (such as
ordering Q units). Thus, mixed strategy refers to the situations where players randomly
choose from a set of feasible strategies (such as randomly choosing between different
ordering levels). However, in our problem setting, as it is not logical that a retailer
randomly chooses between various feasible ordering quantities, we will adapt pure
strategy approach. Pure strategy approach is a commonly used concept in game theoretic
analysis of the supply chains, since it has not been clarified yet how to implement mixed
strategies into the supply chain management.
A standard game consists of three major components:


Players ( Retailers denoted by i=1,2 in our problem setting)



Set of strategies available to each player (In our case order quantities
)



Payoffs: Expected profit of each retailer E (  ( Q , Q )) given the strategy
i

1

2

of the other retailer.
By definition, each strategy Q is defined on a set

, Q ∈ Q, and the Cartesian

product Q × Q is referred as the strategy space.
Technical information given in this section was summarized from the book
chapter “Game Theory in Supply Chain Analysis” by Cachon and Netessine (2006).
Readers are recommended to refer to this source for further information.
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Next, we move to the detailed definition of the players’ payoffs in order to
investigate the best response functions and the equilibrium of the game.

3.4. Problem Formulation
We begin our analysis by formulating the payoffs of the retailers (hereafter
players). The expected profit of the both players consists of four parts for given values of
Q and depending on the values of random variables d and p (i=1,2). Payoff of players
is modeled as follows:
Case 1 (None of the players stocks out)
In the first case, we consider the situation where none of the players stock out:
demands for both products are lower than the quantity on hand for both products. In this
case, the expected profit of the players consists of the revenue from quantity sold plus
salvage value minus purchasing costs.
d 1  p1Q1 and d 2  p 2 Q 2

 1 (Q1 , Q2 )  r1 d1  s1 ( p1Q1  d1 )  c1 p1Q1
 2 (Q1 , Q2 )  r2 d 2  s2 ( p2 Q2  d 2 )  c2 p2 Q2
Case 2 (Second player stocks out)
In the second case, we consider the situation where the first retailer is able to
satisfy the demand for Product_1, but the second player stocks out Product_2. In this
case, a given percentage of the customers with unmet demand will switch to the
Product_1 sold by the first player. Revenue from the demand of Product_1 and the
substituted demand of Product_2 that is met by the first player contribute to the profit of
the first player. Similarly, salvage value after meeting the demand of the Product_1 and
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substitution demand of Product_2 is included to the expected profit of the first player.
For the second player, the expected profit consists of the quantity of Product_2 sold, but a
penalty cost for each unmet demand is also included in her expected profit.
d 1  p1Q1 and d 2  p 2 Q 2

 1 (Q1 , Q2 )  r1d1  r1 min[ 2 ( d 2  p2 Q2 ), p1Q1  d1 ]
 s1 max[0, ( p1Q1  d 1 )   2 ( d 2  p 2Q2 )]  c1 p1Q1
 2 (Q1 , Q2 )  r2 p2 Q2   2 ( d 2  p 2Q2 )  c2 p2 Q2
Case 3 (First player stocks out)

In the third case the first player stocks out Product_1 and a given percentage of
the customers with unsatisfied demand will switch to Product_2 sold by the second
retailer. In this case, the first retailer pays a penalty for each unmet demand, and the
fraction of customers who switch to the second retailer contribute to the expected profit
of the second player.
d 1  p1Q1 and d 2  p 2 Q 2

 1 (Q1 , Q2 )  r1 p1Q1   1 ( d 1  p1Q1 )  c1 p1Q1
 2 (Q1 , Q2 )  r2 d 2  r2 min[ 1 ( d 1  p1Q1 ), p 2Q2  d 2 ]
 s2 max[0, ( p2Q2  d 2 )   1 ( d1  p1Q1 )]  c2 p2 Q2

Case 4 (Both of the players stock out)
In the last case, we consider the situation where both of the players stock out. In
this scenario, no substitution can occur, and each of the players have their corresponding
penalty cost for the satisfied demands.
d 1  p1Q1 and d 2  p 2 Q 2

 1 (Q1 , Q2 )  r1 p1Q1   1 (d1  p1Q1 )  c1 p1Q1
 2 (Q1 , Q2 )  r2 p1Q2   2 (d 2  p2Q2 )  c2 p2Q2
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Therefore, based on the four distinct cases discussed above, expected profit
function of the first and the second players are modeled below.

3.4.1. Expected Profit of the First Player K  E (  )
1

1

K 1 (Q1 , Q 2 ) 
1 1 p1Q1 p2Q2

    [r d  s ( p Q  d )  c p Q ] g ( p ) g ( p ) f (d ) f (d ) dd dd dp dp
1

0 0

0

1

1

1

1

1

1

1

1

1

1

2

2

1

1

2

2

2

1

2

1

0

1 1 p1Q1

rd
 r1 min[ 2 (d 2  p2Q2 ), p1Q1  d1 ]
1 1



      s1 max[0, ( p1Q1  d1 )   2 ( d 2  p2Q2 )]
0 0 0 pQ
c1 p1Q1 g1 ( p1 ) g 2 ( p2 ) f1 (d1 ) f 2 (d 2 ) dd 2 dd1dp2 dp1
2 2

p2Q2



1 1

     r1 p1Q1   1 (d1  p1Q1 )  c1 p1Q1 g1 ( p1 ) g 2 ( p2 ) f1 (d1 ) f 2 (d 2 ) dd 2 dd1 dp2 dp1
0 0 p1Q1


1 1

0



     r1 p1Q1   1 (d1  p1Q1 )  c1 p1Q1 g1 ( p1 ) g 2 ( p2 ) f1 (d1 ) f 2 (d 2 ) dd 2 dd1 dp2 dp1
0 0 p1Q1 p2Q2

After some simplifications the expected profit of the first player reduces to:
1 p1Q1


0

1 

(r1   1 ) d1 g1 ( p1 ) f1 (d1 ) dd1dp1  

0



(r1   1 ) p1Q1 g1 ( p1 ) f1 (d1 ) dd1dp1   1 E (d1 )

0 p1Q1

1 1 p1Q1

 

B

(r1  s1 ) 2 (d 2  p2Q2 ) g1 ( p1 ) g 2 ( p2 ) f1 (d1 ) f 2 (d 2 )dd 2 dd1dp2 dp1

 

0 0

0

p2Q2

1 1 p1Q1 

 

  (r  s ) ( p Q  d ) g ( p ) g
1

0 0

0

1

1

1

1

1

1

2

( p2 ) f1 (d1 ) f 2 (d 2 )dd 2 dd1dp2 dp1

B

1 p1Q1


0



s1 ( p1Q1  d1 ) g1 ( p1 ) f1 (d1 )dd1dp1  c1Q1E ( p1 )

0

(1)
where,
B

p1Q1  d1
 p 2Q2
2
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3.4.2. Expected Profit of the Second Player K2  E( 2 )
K 2 (Q1 , Q 2 ) 
1 1 p1Q1 p2Q2

    [r d  s ( p Q  d )  c p Q ] g ( p ) g ( p ) f (d ) f (d ) dd dd dp dp
2

0 0

0

2

2

2

2

2

2

2

2

1

1

2

2

1

1

2

2

2

1

2

1

0

1 1 p1Q1



[r2 p2Q2   2 (d 2  p2Q2 )  c2 p2Q2 ] g1 ( p1 ) g 2 ( p2 ) f1 (d1 ) f 2 (d 2 ) dd 2 dd1dp2 dp1

   
0 0

0

p2Q2

1 1



p2Q2

r2 d 2  r2 min[ 1 (d1  p1Q1 ), p2Q2  d 2 ]

      s2 max[0, ( p2Q2  d 2 )   1 (d1  p1Q1 )]
0 0 pQ 0
c2 p2Q2 g1 ( p1 ) g 2 ( p2 ) f1 (d1 ) f 2 (d 2 ) dd 2 dd1 dp2 dp1
1 1



1 1



     [r2 p1Q2   2 (d 2  p2Q2 )  c2 p2Q2 ] g1 ( p1 ) g 2 ( p2 ) f1 (d1 ) f 2 (d 2 ) dd 2 dd1dp2 dp1
0 0 p1Q1 p2Q2

After some simplifications the expected profit of the second player reduces to:
1 p2Q2

(r2   2 ) d 2 g 2 ( p2 ) f 2 (d 2 )dd 2 dp2


0

0
1







(r2   2 ) p2Q2 g 2 ( p2 ) f 2 ( d 2 ) dd 2 dp2   2 E ( d 2 )

0 p2Q2
1 1 p2Q2

 

A

 

0 0

0

(r2  s2 ) 1 (d1  p1Q1 ) g 2 ( p2 ) g1 ( p1 ) f 2 (d 2 ) f1 ( d1 )dd1dd 2 dp1dp2

p1Q1

1 1 p2Q2 

 

  (r

2

0 0

0

 s2 ) ( p2Q2  d 2 ) g 2 ( p2 ) g1 ( p1 ) f 2 (d 2 ) f1 ( d1 )dd1dd 2 dp1dp2

A

1 p2Q2


0



s2 ( p2Q2  d 2 ) g 2 ( p2 ) f 2 (d 2 )dd 2 dp2  c2Q2 E ( p2 )

(2)

0

where,
A

p2Q2  d 2
 p1Q1
1

3.5. Best Response Functions
Another important concept in game theory is the best response function (or
reaction curve). By definition, the best response function indicates the best strategy (or
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strategies) for one player given the strategies of other players. In other words, the best
response is the best decision that one player can make knowing the decisions of other
players. In the game theory literature, it is well known that if the payoff of player i is
quasi-concave in the player’s own decision variable ( ) then, the first order conditions
of the payoff function yield to the best response of the player i. In our problem setting,
the first order conditions of the payoff function K = E π Q , Q ,
1,2

≠

with respect to the player’s own decision variable

competitor’s decision variable

where , =
given the

result in the best response function of the player i, and

vice versa. Naturally, an expected solution to a non-cooperative game is the one where
each player chooses her best response given the strategies of the others. This outcome is
referred as the Nash equilibrium of the game, where none of the players are willing to
change their strategies since none of the players benefit from a unilateral deviation in
their strategies. We can formally define the Nash equilibrium of the game based on our
notation:
Definition 1. Let (S,K) be a non-cooperative, zero sum game with n players,
where Q is the strategy available to each player i=1,..,n. Each strategy is defined on a
set S (where Q ∈ S ) so that the Cartesian product S = S × S × S is the strategy
space. Each player i select a strategy Q resulting in payoffs K (Q , Q , . . , Q ) received
by each player (where K ∈ K). Let Q

be strategy profile of all players excluding the

player i, and Q∗ be the best response of player i.
The outcome (Q∗ , Q∗ , … , Q∗ ) is called Nash equilibrium if Q∗ is best response to
Q∗ , ∀i.
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In other words, Nash equilibrium is the point where,
Q ∈ S , Q ≠ Q∗ ∶ K (Q∗ , Q∗ )≥ K (Q , Q∗ ) , ∀i
Definition 1 is a traditional Nash equilibrium definition which yields to the best
order quantities for our competing retailers. In the Nash equilibrium point, none of the
players is willing to change their strategy, because any unilateral change would lower
their payoff.
Due to the rationality assumption, none of the players take the risk of lowering
her expected profit by trying to damage other player. In this case, both of the players are
willing to adopt a Nash strategy. Hence, we need to prove the existence and the
uniqueness of a Nash solution, for our non-zero sum, continuous game setting. To do so,
we need to prove that the best response function of the first player is continuously
differentiable in Q and is concave for every Q . Similarly, the reaction curve of the
second player should be differentiable in Q and concave for every Q . As it is already
discussed, the best response function of the players is obtained by the first order
condition. Taking the partial differentiation of the first player’s payoff to the decision
variable Q , one obtains:
I1 (Q1 , Q2 )  K1 (Q1 , Q2 ) / Q1  

1

0



1




p1Q1

(r1   1 ) p1 g1 ( p1 ) f1 (d1 )dd1dp1

p1Q1

 s p g ( p ) f (d )dd dp
     (r  s ) p g ( p ) g ( p ) f (d ) f
1 1 1

0 0

1 1

p1Q1

0 0 0

1

1

1

1

1

1 1

1

2



B

1

1

2

1

1

2

c1 E ( p1 )  0

(d 2 )dd 2 dd1dp2 dp1

(3)
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The first derivative of the first player’s expected profit is calculated by using the
Leibniz Rule. Furthermore, the second partial of the expected profit of the first player
should be investigated to prove concavity:
1

 2 K1 (Q1 , Q2 ) / Q12   1  p12 g1 ( p1 ) f1 ( p1Q1 )dp1
0

(r1  s1 ) 

1

0

(r1  s1 ) 

1

0

1



p1Q1

0 0



p2Q2

0

p12
g ( p ) g ( p ) f (d ) f ( B )dd1dp2 dp1
2 1 1 2 2 1 1 2
1

g 2 ( p2 ) f 2 (d 2 )dd 2 dp2  p12 g1 ( p1 ) f1 ( p1Q1 )dp1  0
0

(4)

When we analyze the second derivative, we observe that the expected profit is a
strictly convex function of Q for each given Q (since r >

, ,

≥ 0).

As the payoff of first player is concave in Q , it is also quasi-concave in Q . This
means that the best response is uniquely defined by the first order condition of the first
player’s payoff function. This outcome is driven from the traditional principles of the
game theory.
Similar analysis is performed for the second player. It is needed to show that the
best response function of the second player is differentiable in Q and concave for every
Q . The best response function of the second players is calculated by partial
differentiation of the second player’s payoff to the decision variable Q by using Leibniz
rule and chain rule:
I 2 (Q1 , Q2 )  K 2 (Q1 , Q2 ) / Q2  

1

0



1

p2Q2


  
0 0

1 1


p2Q2

( r2   2 ) p2 g 2 ( p2 ) f 2 ( d 2 ) dd 2 dp2

s2 p2 g 2 ( p2 ) f 2 (d 2 )dd 2 dp2

p2 Q2

0 0 0






A

( r2  s2 ) p2 g 2 ( p2 ) g1 ( p1 ) f 2 ( d 2 ) f1 ( d1 )dd1dd 2 dp1dp2

 c2 E ( p 2 )  0

(5)
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Next, second partial of the second player’s payoff should be investigated to prove
concavity:
1

 2 K 2 (Q1 , Q2 ) / Q22   2  p22 g 2 ( p2 ) f 2 ( p2Q2 )dp2
0

( r2  s2 ) 

1

0

( r2  s2 ) 

1

0

1



p2Q2

0 0



p1Q1

0

2
2

p
g ( p ) g ( p ) f (d ) f ( A)dd 2 dp1dp2
1 2 2 1 1 2 2 1
1

g1 ( p1 ) f1 (d1 ) dd1dp1  p22 g 2 ( p2 ) f 2 ( p2Q2 ) dp2  0
0

(6)

It is observed that the expected profit is a strictly concave function of Q for each
given Q (since r >

, ,

≥ 0).

As the payoff of second player is concave in Q , it is also quasi-concave in Q .
The best response is uniquely defined by the first order condition of the second player’s
payoff function.

Figure 2

Representative best response functions of the retailers in (Q , Q ) plane
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Before investigating the existence and the uniqueness of the Nash equilibrium,
graphical representation of the best responses would facilitate the understanding of one
player’s reaction to the other player’s decision. In the example shown at Figure 2, there
are three iterations converging to the Nash equilibrium. The first iteration starts with the
Q units of first player’s ordering decision. Given the first player’s order decision of Q ,
the second player decided then to order Q units. The first player at the second iteration
orders Q units, given the second player’s order strategy Q . As a response, the second
player orders Q units, given the first player’s decision of Q units. Given Q , the first
player orders then Q , and the system converges to the Nash equilibrium.
In Figure 2, one observes that the slopes of the best response functions are
negative. This implies that each player’s response strictly decreases as the order quantity
of the other player increases. To mathematically show the monotonically decreasing
reaction of one player, we use the following lemma and its proof.
LEMMA 1: (

) = 0 is a strictly decreasing function in the (

,

,

) plane.

PROOF: In order to prove Lemma 1, we need to use implicit differentiation
because

cannot be expressed as an explicit function of

the derivative

of

(

,

) in the (

in

) plane, we obtain:

,
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(

,

). While we find

1
dI1
 0   1  p12 g1 ( p1 ) f1 ( p1Q1 ) dp1
0
dQ2

(r1  s1 ) 

1 1



0 0

(r1  s1 ) 

1



0

p2Q2

0 0

p12
g ( p ) g ( p ) f (d ) f ( B )dd1dp2 dp1
2 1 1 2 2 1 1 2

p1Q1

(7)

1

g 2 ( p2 ) f 2 (d 2 )dd 2 dp2  p12 g1 ( p1 ) f1 ( p1Q1 )dp1
0

1 1 p1Q1



dQ2
(r1  s1 ) 
dQ1
0 0



p1 p2 g1 ( p1 ) g 2 ( p2 ) f1 (d1 ) f 2 ( B )dd1dp2 dp1

0

which can be rewritten as:
  1 p 2 g ( p ) f ( p Q )dp

 1 0 1 1 1 1 1 1 1



2
 (r  s ) 1 1 p1Q1 p1 g ( p ) g ( p ) f (d ) f ( B )dd dp dp

1
2
1
 1 1 0 0 0  1 1 2 2 1 1 2

2


 (r  s ) 1 p2 Q2 g ( p ) f (d ) dd dp 1 p 2 g ( p ) f ( p Q )dp 
1
1 0 0
2
2
2
2
2
2 0 1 1
1
1
1 1
1

dQ21 

1 1 p1Q1
dQ1
(r1  s1 )    p1 p2 g1 ( p1 ) g 2 ( p2 ) f1 (d1 ) f 2 ( B )dd1dp2 dp1
0 0

(8)

0

Since π ≥ 0 and r >

>

≥ 0, we obtain

< 0 proving Lemma 1.

To mathematically prove the reaction of one player to an increase in the strategy
of the other, implicit differentiation is used: negative slope found by implicit
differentiation proves the monotonically decreasing reaction of first player to an increase
in the order quantity of the second player.
The same monotonically decreasing reaction to an increase in the order quantity
of the other player is also validated for the second player by the proof of Lemma 2.
LEMMA 2:

(

,

) = 0 is a strictly decreasing function in the (

,

) plane.

PROOF: In order to prove Lemma 2, we need to use implicit differentiation.
While we find the derivative

of

(

,

) in the (
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,

) plane, we obtain:

1 1 p2Q2

dI 2
 0  (r2  s2 )  
dQ2
0 0



p1 p2 g 2 ( p2 ) g1 ( p1 ) f 2 (d 2 ) f1 ( A)dd 2 dp1dp2

0



2
1 1 p2Q2 p
dQ2
2
(r2  s2 )   
g ( p ) g ( p ) f (d ) f ( A)dd 2 dp1dp2
0 0 0
dQ1
1 2 2 1 1 2 2 1



1
dQ2
 2  p22 g 2 ( p2 ) f 2 ( p2Q2 ) dp2
0
dQ1



1 p1Q1
1
dQ2
(r2  s2 )   g1 ( p1 ) f1 (d1 )dd1dp1  p22 g 2 ( p2 ) f 2 ( p2Q2 )dp2
0
0
0
dQ1

(9)

which can be rewritten as:
1 1 p2Q2


 (r2  s2 )    p1 p2 g 2 ( p2 ) g1 ( p1 ) f 2 (d 2 ) f1 ( A)dd 2 dp1dp2 
0 0 0



dQ22

dQ1   1 p 2 g ( p ) f ( p Q )dp

 2 0 2 2 2 2 2 2 2



2
 (r  s ) 1 1 p2Q2 p2 g ( p ) g ( p ) f (d ) f ( A) dd dp dp 
2
1
2
 2 2 0 0 0  2 2 1 1 2 2 1

1


 (r  s ) 1 p1Q1 g ( p ) f (d ) dd dp 1 p 2 g ( p ) f ( p Q )dp 
1
1 1
1
1
1 0 2 2
2
2
2 2
2
 2 2 0 0


<0

Since

(10)

Lemma 2 is proved.

In order to restrict the search region for the Nash equilibrium, upper and lower
bounds for

can be found using Lemma 1 and Lemma 2 as well as concavity analysis.

To do so, we need to consider (
replace

by

in

(

,
1



c1E ( p1 )  (r1  1 ) 



,

). The lower bound for

is obtained when we

):
p1 g1 ( p1 ) f1 ( d1 )dd1dp1

0 p1Q1L

L
1 p1Q1

 s1 
0



p1 g1 f1 (d1 )dd1dp1

(11)

0
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The order quantity

that solves the equation above results in a lower bound for

the order quantity of Product_1. Similarly, the upper bound for
replace

(

by 0 in

):

,
1



c1 E ( p1 )  (r1   1 ) 



U
1 p1Q1

0 p1Q1U

U
1 1 p1Q1

(r1  s1 )  
0 0


0

is obtained when we

p1 g1 ( p1 ) f1 (d1 )dd1dp1  s1 



0

p1 g1 f1 (d1 ) dd1dp1

0





p1 g1 ( p1 ) g 2 ( p2 ) f1 ( d1 ) f 2 (d 2 )dd 2 dd1dp2 dp1

p1Q1U  d1
2

(12)

Similarly we can find an upper bound and lower bound for
for

is obtained when we replace
1



c2 E ( p2 )  (r2   2 ) 



in (

p2 g 2 ( p2 ) f 2 (d 2 )dd 2 dp2  s2 



0

0

(

,

p2 g 2 f 2 (d 2 )dd 2 dp2
(13)

that solves the equation above results in a lower bound for

the order quantity of Product_2. Upper bound for
0 in

):

,

L
1 p2Q2

0 p2Q2L

The order quantity

by

. The lower bound

is obtained when we replace

by

):
1



c2 E ( p2 )  (r2   2 ) 



U
1 p2Q2

0 p2Q2U

U
1 1 p2Q2

 (r2  s2 )  
0 0


0

p2 g 2 ( p2 ) f 2 (d 2 )dd 2 dp2  s2 
0



p2 g 2 f 2 (d 2 )dd 2 dp2

0





p2 g 2 ( p2 ) g1 ( p1 ) f 2 (d 2 ) f1 (d1 )dd1dd 2 dp1dp2

p2 Q2U  d 2
1

(14)

3.6. Existence and Uniqueness of the Nash Equilibrium
In the game theory literature, a well known property of the best response
functions is the fact that the best response of the player i can be easily found by the first
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order conditions of the corresponding payoff function if the payoff of player i is quasiconcave in the player’s own decision variable (Q ). Therefore, the quasi-concavity of the
best response function assures the uniqueness of the best response, but does not justify
the uniqueness of the Nash Equilibrium. By a simple definition, the Nash Equilibrium
can be referred as the intersection point of the best response functions of the players.
While the intersection behavior of the best response functions is analyzed, one can easily
envision three possible outcomes: Non-existence of the Nash Equilibrium, uniqueness of
the Nash Equilibrium, and multiple Nash Equilibrium. Non-existence of the Nash
Equilibrium is observed when the best response functions of the players do not cross each
other on the decision variables (Q ) plane. In the literature, it is possible to observe game
settings where a Nash Equilibrium does not exist (i.e. Netessine and Shumsky, 2001).
Non-existence of a Nash Equilibrium is not a desirable situation since one cannot predict
the outcome of the game in this case. There are also situations where the best response
functions intersect more than once, leading to the multiple equilibrium. In this case, the
game may have a few equilibrium or infinite equilibrium points. Therefore, games with
multiple equilibria are ambiguous since one player might chose a strategy associated with
the first equilibrium while the other player decides to play for the other equilibrium. In
this situation it is highly probable that a non-equilibrium outcome appears. Thus, the
most desirable situation is to have a unique equilibrium point, where the actions adopted
by the players would converge to the equilibrium point without ambiguity. Hence, in the
game theoretic works, one should first demonstrate the existence of the Nash
Equilibrium, and then should analyze its uniqueness. In the literature, fixed point
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theorems are used to investigate the existence of the equilibrium, because the Nash
Equilibrium is defined as a fixed point of the best response mapping (Cachon and
Netessine, 2006). The most common way to analyze the existence of the Nash
Equilibrium is to analyze the concavity of the payoff functions through the use of the
following theorem:
THEOREM 1 (Debreu, 1952; Cachon and Netessine, 2006). Suppose that for
each player the strategy space is compact (i.e. closed and bounded) and convex and the
payoff functions is continuous and quasi-concave with respect to each player’s own
strategy. Then there exists at least one pure strategy Nash Equilibrium in the game.
Returning back to our two competing newsvendor problem with stochastic yield
and demand, it was already verified that the payoff functions of the retailers are concave
and hence quasi-concave with respect to their corresponding decision variables Q . It is
also easy to observe that the strategy space is compact, and the payoff functions are
continuous. Hence, Theorem 1 is satisfied and the existence of a Nash Equilibrium is
verified for our problem setting.
Therefore, one should demonstrate the uniqueness of the Nash Equilibrium using
one of the four most common methods: Algebraic argument, contraction mapping
argument, univalent mapping argument and index theory approach. In our problem
setting, as we have two players, we can analyze the uniqueness by investigating the
geometrical properties of the best response functions and observing whether they
intersect once or not.
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THEOREM 2 Let
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PROOF In order to show the uniqueness of the Nash equilibrium, we need to
show that the derivative of the first player’s reaction curve is always strictly smaller than
the derivative of the second player’s reaction curve. That means that we need to show:
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Our objective is to show that
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is less than -1, while −1 <

< 0 . We achieve this

by following a similar approach to Parlar (1988), focusing on the second term of the
numerator (denominator) at first (second) term. Specifically, we note that the second term
of the numerator for
term of numerator at

is very similar to its denominator. We can rewrite the second
as follows:
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than -1 since the first and third terms in the numerator of

is always less

are negative while its

denominator is positive. Also, since the ratio of the second term in the numerator and the
denominator is at most -1,
show that the

is less than -1. By following a similar approach, one can

is at least -1 when the condition

satisfied. Since the numerator of
negative,

[

,

]≥

,

[

] is

is positive and all the terms in the denominator are

is at most zero. Lemma 1 and Lemma 2 show the strict monotone

decreasing properties of the best response functions. Using the results obtained in both of
the lemmas, geometric properties of the reaction curves show the uniqueness of the
equilibrium.∎
A comprehensive numerical analysis also support that there exists a unique Nash
solution. We analyzed different settings for the parameters
(

−

),

,

,

;

,

,

,

,(

−

),

and performed a comprehensive search of the Nash equilibrium. Set of

values for the parameters used at numerical analysis are defined as follows:
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{

: 1, 5, 10, 15, 20 },{

{

−

: 1, 5, 10, 15, 20 }, {

−

: 0.05, 0.01, 0.1, 1, 4, 7, 10,15 },

: 0.05, 0.01, 0.1, 1, 4, 7, 10,15 }, { : 0.1, 0.2, 0.4, 0.7,0.8, 1}

We defined 10,349 combinations for those parameters and analyzed Nash equilibrium of
the systems. As a result, we observed that in each scenario, the ratio
−1 <

< −1, and

< 0. Our comprehensive search did not find any instance where Nash

equilibrium was not unique. Therefore, we conclude that our numerical analysis
substantiate the proof the unique Nash equilibrium.
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CHAPTER IV
COMPUTATIONAL STUDY

In this section, numerical analysis is performed to validate existence and
uniqueness of the Nash equilibrium under different cost, substitution, demand and supply
uncertainty levels (Thereafter called scenario). First of all, the best response functions of
the players are calculated under different parametric settings for costs, demand and
supply uncertainty. Secondly, 17 scenarios are defined and then solved by Mathematica
Software. For those 17 scenarios, Nash Equilibrium order levels and expected profit of
the players under supply uncertainty, full supply, and newsvendor context are compared.
In this section, cost parameters ( , , , ) are set based on the newsvendor ratio in order
to reach target service levels. This methodology is a common approach used by industrial
and academic studies (Smith and Agrawal, 2000; Nagarajan and Rajagopalan, 2008).
Service levels are referred as the probability of not stock out. In the literature, frequently
used service levels are: 78%, 83%, 88%, 93% and 98%. In our study we will base our
numerical analysis on those five different service levels. Different cost parameters that
will satisfy those service levels are defined and used in each scenario.

In our

computational study, we use exponential distribution to generate the demand, and beta
distribution to generate supply uncertainty. Exponential distribution is commonly used by
researchers to generate the demand. Similarly, beta distribution is commonly used to
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capture distribution of variables between zero and one. As the supply uncertainty is a
random variable and a fraction between zero and one, we are convinced that beta
distribution is one of the most reasonable distributions to capture the random yield.

4.1. Best Response Functions
In this section, we define six scenarios and calculate the best responses of the
players under each scenario in order to validate the concavity of the best response
functions and also to visualize the reaction curves. For this purpose, we decided to select
six critical scenarios: Base Case (where all parameters are identical for both players), and
the cases where: (1) mean demand for the first product is lower than the demand for the
second product, (2) players have asymmetric costs, (3) first player’s supplier is less
reliable, (4) first player’s supplier is less reliable, and the mean demand for the first
product is less than the demand for the second product, (5) first player’s supplier is less
reliable, and the mean demand for the first product is more than the demand for the
second product. By using the Mathematica software, and the equations (3) and (5) best
response functions are calculated as bellow.

4.1.1. Base Case
In the Base Case, all of the costs, mean demands, substitution rates and supply
uncertainty parameters are identical for both of the players. In the base case, we consider
83% service level, 80% substitution rate, and a mean demand of 80 for the products.
Supply uncertainties are generated from beta distribution with shape parameters
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= 20

and β = 4. A representation of Beta distribution’s probability density function with the
corresponding shape parameters is given in the following figure.
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1.0

Figure 3 A Representation of Beta Distribution (pdf) to Capture Random Yield

Cost, demand, supply and substitution parameters that are used in the base case
and the corresponding Q , Q values are summarized in the following Table 1:

Table 1

Parameters for the Base Case
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The resulting best response functions for the base case are:

Q2

Base Case (Identical Parameters)
400
350
300
250
200
150
100
50
0

P1BestResponse
P2BestResponse

0

100

200

300

400

Q1

Figure 4 Best Reponses for the Base Case

4.1.2. Scenario 1
In the first scenario, we will start to deviate from the base case and change the
mean demand for the first product while keeping the value of other parameters the same
as the base case. In this scenario, the mean demand for the first product is 40 while the
one for the second product is 80. The parameters used at this scenario and the
corresponding best responses are given in the following table:
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Table 2 Parameters for the Scenario 1

The corresponding best response functions for this scenario are given in the
following figure:

Q2

Scenario 1 (D1>D2)
350
300
250
200
150
100
50
0

Player2BestResponse
Player1BestResponse
0

100

200

300

Q1

Figure 5 Best Responses for the Scenario 1
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400

4.1.3. Scenario 2
In the second scenario, the first player has a service level of 83%, the second
player has a service level of 93%, while keeping other parameters the same as the base
case.

Table 3 Parameters for the Scenario 2

The resulting best response functions for this scenario is:
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Scenario 2 (Asymmetric Cost)

Q2
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Figure 6 Best Response Functions for the Second Scenario
4.1.4. Scenario 3
In this scenario, the supplier of the first player is considered to be less reliable
while other parameters are kept the same as the base case.

Table 4 Parameters for the Scenario 3
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The corresponding best responses functions are calculated to be as follows:

Q2

Scenario 3 (Less Reliable Supplier 1)
350
300
250
200
150
100
50
0

Player1BestResponse
Player2BestResponse

0

100

200

300

400

Q1

Figure 7 Best Response Functions for the Scenario 3

4.1.5. Scenario 4
In this case, we are interested in the case where the first player has a less reliable
supplier and a less mean demand than the base case, while other parameters are kept the
same as the base case.

49

Table 5 Parameters for the Scenario 4

The corresponding best response functions are calculated to be as follows:
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Q2

Scenario 4 (Less Reliable Supplier 1 & Low D1)
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Figure 8 Best Response Functions for the Scenario 4

4.1.6. Scenario 5
In the last scenario, we analyze the case where the supplier of the first player is
less reliable and the mean demand of the first player is more than the ones of the base
case, while other parameters are the same as the base case.
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Table 6 Parameters for the Scenario 5

The corresponding best response functions are illustrated at Figure 9. As it can be
observed from the plot of the best response functions under different scenarios, in all of
the cases, best response functions are found to be concave and they intersected at a
unique point in the (Q , Q ) plane, which validates our theoretical findings at Chapter III.
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Q2

Scenario 5 (Less Reliable Supplier 1 & High D1)
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Figure 9 Best Response Functions for the Scenario 5

4.2. Analysis of the Nash Solution for Order Quantities
In this section, we analyze how the expected values of demand, service levels,
supply uncertainty and substitution behaviors of the customers affect the best order
quantities. To this end, we define 17 scenarios with different service levels, substitution
behaviors, supply uncertainties and mean demand values. Our objectives are (1) to
calculate the best order quantities under these different scenarios in our problem setting,
(2) to compare the order quantities found in (1) with the classical newsvendor order
quantity (when each retailer solves her own newsvendor problem and does not consider
substitution behavior and supply uncertainty), and (3) to calculate the order quantities for
the problem setting of Parlar (1988) where supply uncertainty is not considered, i.e.,
suppliers are assumed to be 100% reliable.

53

4.2.1. Design of Experiments
In our experimental setting, we focus on capturing the impact of cost parameters,
mean demand values, supply uncertainty, and the substitution behaviors on the best order
quantities. First, we define a base case and then perform a sensitivity analysis by
changing various parameters of the base case. Finally, we calculate the corresponding
best order quantities (

,

) and the corresponding expected profits. Since there are an

infinite number of possible combinations, we decide to analyze 17 main scenarios which
are illustrated in Table 7.

Table 7 Rational for Defining Scenarios to Perform Sensitivity Analysis

Our design of experiment is based on capturing the impact of four parametric
settings (i.e. cost parameters, mean demand, supply uncertainty and the substitution
behaviors) on the best order quantities (

,
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). Different cost parameters are based on

the service levels as we discuss above. Table 7 demonstrates five target service levels and
the corresponding cost parameters. The changes in the demand, supply, and substitution
levels are captured by “ratios” as shown in Table 7. For each one of the mean demand
values, supply uncertainties and substitution levels, we define five ratios to use in our
numerical analysis. For instance, in order to capture the impact of mean demand on the
best order quantities, the ratio

/

is defined. In this case

and

represent the mean

demand for the first and the second products, respectively. The values of the ratios are 1,
1.51, 2, 2.5 and 3.08, and we obtain each of them by keeping the mean demand of the
first product (

) constant and decreasing the mean demand (

). Similarly, the supply

uncertainty is captured by making one of the suppliers less reliable than the other
supplier. Therefore, we adjust the shape parameter of the beta distribution which controls
the level of supply uncertainty for one of the suppliers. Finally, substitution ratios are also
defined as illustrated in the Table 7. While defining the substitution ratios, we focused on
substitution rates that are greater than 50%, because related studies in the literature argue
that substitution ratios are high for perishable products/single period items (i.e. Nagarajan
and Rajagopalan, 2008). Tables 8 and 9 demonstrate the design of experiments for each
scenario. It is important to note that all of these scenarios assume that costs (or service
levels) are identical for both players. Table 8 shows five scenarios where a sensitivity
analysis on the impact of service levels is performed by changing the service levels of
both players to 0.78, 0.83, 0.88, 0.93 and 0.98, while keeping other ratios constant at 1.
Scenario 3 is assumed to be the base case: both of the players have a service level of 0.88
and all of the other parameters are identical (ratios for demand, substitution and supply
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uncertainty are 1). Scenarios 6 through 17 consider the base case (0.88 service levels for
both players) and relax the assumption of having identical values for other parameters.
For example, Table 9 shows that scenarios 10 through 13 focus on the impact of supply
uncertainty by keeping the service levels, demand ratios and substitution ratios the same
as the ones of the base case, and by changing the supply ratio to different ratios that were
already defined to capture yield uncertainty.

Table 8 Definition of Scenarios for Sensitivity Analysis of Costs and Demand
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Table 9 Definition of Scenarios for Sensitivity Analysis of Supply and Substitution

4.2.2. The Solution Method
In this section, we compute the Nash Equilibrium for order quantities (Q , Q ) by
solving Equations (3) and (5) using the Mathematica software. Also, we calculate the
Nash Equilibrium for order quantities (Q , Q ) when there is no supply uncertainty
(Parlar, 1988). Finally, we define the newsvendor order quantities for each player with
supply certainty and no substitution. We compare the best order quantities found by these
three approaches and derive managerial insights.
Nash solution for order quantities are defined as (Q , Q ) values that satisfy both
of the Equations (3) and (5). As already discussed, we use Equations (3) and (4) to find
the best ordering decision of player i, given the decision of player j. Both equations
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represent the first order conditions which set the derivative of the expected profit function
to zero. Our first objective is to find the Nash solution by defining order quantities
(Q , Q ) that both satisfy Equations (3) and (4). To do so, we use the following iterative
algorithm:
First, set Q = 0, Q = 0, and tolerance = 0.05
In a while loop, make sure that Q , Q converges to the Nash Equilibrium:
For a given (Q , Q ) pair, while the absolute value of Equation (3) and Equation
(5) are greater than the tolerance, implement a simple bisection algorithm to find Q for a
given Q . The bisection algorithm considers a search region for the order quantities and
divides the research region into two while seeking for the best order quantities. The upper
bound for the search region is defined by Equations (12) and (14).

4.2.3. Results and Analysis
We calculate the Nash solution when there is supply uncertainty and when there is
no supply uncertainty. Next, we find the newsvendor solutions for 17 scenarios when cost
parameters of the both players are symmetric (0.88 service level). Results are given in
Table 10. Please note that numbers given in Tables 10 and 11 are rounded to the next
integer level.
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It is possible to derive several interesting insights by observing the best order
quantities and expected profits of the players represented at Table 10. First, when we
compare the order quantities, we observe that the levels of order quantities are higher
when there is supply uncertainty. This finding is intuitive since it is a common
knowledge that supply uncertainty brings higher inventory levels. The problem setting of
Parlar and the traditional newsvendor problem assumes that quantity supplied is identical
to the quantity requested.

However, in our problem setting, uncertainty in supply

increases the order quantities because the retailers considers stochastic yield while
making their ordering decisions. Retailers aim to increase their expected profit by
meeting as much demand as possible. Therefore, retailers are willing to order more under
supply uncertainty because supply uncertainty hurts product availability.
In the first 5 scenario, impact of the service levels on the order quantities is
investigated. Service levels are increased for both of the retailers from Scenario 1(i.e.
service level of 0.78) through Scenario5 (0.98 service level). When we analyze the order
quantities in the first five scenarios, we conclude that order quantities increases as service
levels increases. This result is also intuitive because retailers can increase their service
level (or decrease their probability of stocking out) by ordering more units. As another
observation, we can state that supply uncertainty directly affects profitability: When
supply is random, retailers have to order more units in order to reach approximately the
same profitability levels as the ones under supply certainty. For example, in the first
scenario, when we compare order levels under certain supply and uncertain supply, we
see that order quantities increases by approximately 25% under supply uncertainty while
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the profitability increases only by approximately 2% due to that increase in order
quantity. The final observation that can be made from the first five scenarios is that
retailers have symmetric order quantities and expected profits under each scenario, since
they both have the same level of mean demand, supply uncertainty, cost parameters and
customer substitution behaviors.
Scenario 6 thorough 9 captures the impact of demand on the order quantities and
expected profits under random supply, certain supply and newsvendor setting. The mean
demand of the second retailer decreases from Scenario 6 to 9, while the mean demand of
the first retailer remains the same. In this section, it is possible to derive very interesting
managerial insights about the impact of supply uncertainty on the order levels and
expected profits. First, one can observe that, under supply uncertainty, the expected profit
of both retailer decreases as the mean demand of the second retailer decreases. This result
is intuitive because, as the demand of the second retailer decreases, the order levels and
expected profits of the second retailer decrease as well. Similarly, as the demand of the
second retailer decreases, the additional demand that the first retailer receives due to the
substitution effect decreases as well. Decrease in mean demand at second product results
in decrease at the order quantities of the first retailer due to the decreased amount of
additional demand generated by substitution. However, when we observe expected profit
of the first and second retailers under certain supply, we see that the same trend does not
hold in this case. The first retailer takes advantage of the decrease in mean demand at the
second product and arranges its order levels in a way that her expected profit increases as
the demand of the second product decreases. When we observe the general trend at the
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newsvendor setting, we see that the second retailer is willing to decrease her order level
as the mean demand decreases. Consequently, her expected profit decreases. This
behavior of the second retailer is also valid for certain supply setting, where order
quantities and expected profits decreases as the mean demand decreases. However, under
certain supply setting, the first player takes advantage of this situation and makes sure to
arrange the order levels in a way that she can capture as many additional demands
coming from substitution as possible. In Scenario 5 through 9, the first retailer has a
bigger mean demand than the second retailer. This may lead to the assumption that the
first retailer is bigger than the second retailer. In this situation, we can conclude that “big
fish eats small fish” under certain supply setting. In certain supply, the first retailer has
only one source of uncertainty (demand uncertainty). Thus, in this situation, bigger
retailer takes advantage of her demand level and increases her expected profit by meeting
her own demand and the demand from substitution. However, in the uncertain supply
setting, as the level of uncertainty gets more complicated, the big retailer also takes
precaution to protect her-self from the impacts of uncertainty. She has a trade-off
between meeting less demand from substitution and risking overage. Consequently, the
expected profits of bigger retailer decrease under supply uncertainty. One can conclude
that the supply uncertainty is not beneficial from the big retailer’s perspective. However,
it is very interesting to observe that supply uncertainty is not always harmful and can be
an advantage for small retailers. In the scenarios 6 to 9, the supply uncertainty damages
the law “big fish eats small fish”: Small retailer achieved approximately the same
expected profit levels under random supply and supply uncertainty. Small retailer had to
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increase her order quantities by approximately 25% in order to reach the same expected
profit levels. However, the bigger retailer decided to increase her order quantities by
approximately 25% under supply uncertainty, thus her expected profits decreased by
approximately 45% despite this increase in order levels. To conclude, the more the
retailer gets smaller, the less the retailer is affected by supply uncertainty.
Scenarios 10 to 13 analyze the direct impact of supply uncertainty on order
quantities and expected profits. In Table 10, one can easily notice that Parlar’s setting and
newsvendor problem setting does not capture the impact of supply uncertainty. However,
in our problem setting and in real world cases, the retailer is willing to order more as the
supplier becomes less reliable. The more supply uncertainty increases, the more the
expected profit of the first and second retailers decreases. Increase in supply uncertainty
for retailer i also affects the expected profit of retailer j, even if the supplier of the retailer
i has a constant reliability rate. As the supplier of the second retailer becomes less
reliable, the second retailer becomes willing to order more. This decreases the number of
demand captured from the substitution effects by the first retailer, and indirectly
decreases the expected profit of the first retailer.
Finally, scenarios 14 to 17 analyze the impact of substitution behaviors on the
order levels and expected profits. In Scenario 16, the customers of the second retailer had
the most loyal behavior compared to the other scenarios. In this situation, as the loyalty
of the second retailer’s customers increased, the order level and expected profit of the
first player decreased. This result is intuitive since the first retailer has a lower chance of
capturing the second retailer’s customers with unsatisfied demand.
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4.2.4. Managerial Insights
Our comprehensive numerical study results in a set of managerial insights that
allow us to better understand the strategic behavior of the retailers under supply
uncertainty. First, we observe that the supply uncertainty increases the amount of the
items ordered by the retailer so that we observe higher level of inventories for the retailer.
Also, substitution behaviors of the customers play a leading role to accumulate inventory
as well as increasing the expected profit of the retailers. Furthermore, we reach a counterintuitive result which tells us that the supply uncertainty is not always damaging for all
the retailers in our setting. Specifically, although big retailers suffer from the impacts of
supply uncertainty, the impacts of random yield on the expected profit and order
quantities decreases as the mean demand of the retailer decreases. This means that, the
more the mean demand of a retailer decreases (the smaller is the retailer), the less the
uncertain supply affects order quantities and expected profits. Finally, one can state that
order quantities calculated in this section (Table 10) are not the optimal order quantities
that maximize the expected profit of each retailer. Calculated order quantities reflect the
game theoretic nature of our problem setting since these best order levels of the system is
the Nash Equilibrium point where both retailers have no incentive to deviate from their
equilibrium strategy, i.e., order quantities. We can conclude that retailers face the
classical prisoner’s dilemma in our problem setting.
For example, in the Scenario 10, the best order levels (Q , Q ) under supply
uncertainty are found to be (225, 225) with expected profits of 263 and 259 for the first
and the second player, respectively. However, in the certain supply setting, the best order
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levels are calculated as (175, 175). When we use order quantities (175, 175) in our
uncertain supply setting, we obtain profits of 269 and 260 for the first and second player
respectively. We observed that under supply uncertainty, order quantities (175, 175)
resulted in higher profits for both of the players than the ones obtained at Nash
Equilibrium (225, 225). This setting results in the following traditional prisoner’s
dilemma:

Retailer II
Q2=175

Q2=225

Q1=175

(269, 260)

(253, 277)

Q1=225

(283, 246)

(263, 259)

Retailer I

Figure 10 Prisoner’s Dilemma of Retailers under Supply Uncertainty
In this game retrieved from the Scenario 10, the concern of each retailer is to
maximize her own profit. Rational choice leads the two players to play (225, 225) even
though each player’s individual reward would be greater if they both played
cooperatively (175, 175). This indicates that the unique equilibrium of this game is a
Pareto-Suboptimal solution, where it is not possible to improve one player without
necessarily making the other player worse off. For instance, one can observe that the
strategy (175, 275) is dominated by (175, 175) which is dominated by (225, 175). Finally,
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(225, 225) strictly dominates every other strategies and the solution converges to the
Nash equilibrium. This finding shows that the classical prisoner’s dilemma exists for both
of the retailers under supply uncertainty and customer substitution. Although prisoner’s
dilemma is not a new concept, it substantiates one of the major contributions of this
study. We showed that prisoner dilemma’s exists for both retailers under supply
uncertainty and customer substitutions. Prisoner’s dilemma influences the realization of
the game between retailers, and shows why two retailers may not corporate even if
corporation is in both their best. The strategy of both retailers is affected by prisoner’s
dilemma, and the system converges to the equilibrium which is a Pareto-Suboptimal
solution.
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CHAPTER V
CONCLUSIONS AND EXTENSIONS

In this study, we analyze a single period inventory problem with stochastic supply
and demand. The supply chain setting includes two retailers selling substitutable
products. While a retailer stocks out, a given percentage of customers with unmet
demand switch to the substitute product sold by the competitive retailer. As the product
availability and ordering decisions of one player affect the payoff of the other retailer,
game theory is used to determine the best order quantities for both retailers.
In the literature, related streams of research in this area are the inventory
modeling and analysis of substitutable products, inventory models under supply
uncertainty, and game theoretic approach in supply chain management. Although each
stream contains numerous research projects of high value, none of the studies combined
those streams by analyzing substitutable products inventory management with random
supply and demand in a game theoretic setting. Game theory is an efficient tool to model,
analyze and understand interactive optimization problems where multiple agents interact.
Most of the business models, especially supply chain settings can be modeled and
analyzed in a game theoretic setting, since the strategy of each agent affect the payoffs of
others due to the interactive nature of the supply chains. Cachon and Netessine (2006)
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argue that application of game theory to supply chain management is still in infancy. Our
study contributes to that stream in the literature.
In this study, we formulate expected profits, and best response functions of the
players, and mathematically prove concavity of the each player’s expected profit. We
calculate upper and lower bounds for the order quantities, and determine the Nash
equilibrium of the system where each retailer’s strategy is the optimal response to the
other retailer’s strategy. Finally, we perform numerical analysis where we plot the best
response functions of the players and investigate concavity. We define various scenarios
to analyze the impact of supply uncertainty, mean demand, and substitution behaviors of
customers on the best order quantities. At the end of the numerical analysis, we derive
interesting managerial insights about the order levels in our problem setting. Intuitive
results that are validated by this study is: (1) Inventory/Order levels increase as supply
uncertainty increases, (2) Substitution behaviors of the customers play a leading role to
accumulate inventory as well as increasing the expected profit of the retailers.
Additionally, we observed some counterintuitive results: (3) The more the mean demand
of a retailer decreases (the smaller is the retailer), the less the uncertain supply affects
order quantities and expected profits, (4) There exists a prisoner’s dilemma between the
two retailers. Best order quantities converge to the Nash equilibrium which is a ParetoSuboptimal solution.
As future works, it is possible to extend the numerical analysis in Chapter IV in a
way that more scenarios are investigated. For instance, one can use other distributions
(i.e. uniform) to represent random yield and demand. Another extension is to analyze the
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cases where more than two players are involved in the game. Games involving more than
two players can be hard to mathematically analyze, especially in our problem setting due
to the high level of uncertainties in the system (i.e. uncertainty in yield for each supplier,
and uncertainty of each retailer’s demand). However, discrete event simulation or Monte
Carlo simulation can be used as an effective tool to analyze such complex systems.
Another possible future research stream is to extend this research in a way that products
have a life time greater than one period. For instance, one can consider that perishable
products have t periods of life time and the optimal ordering decisions are determined
based on the inventory levels of the products on hand. In this setting, mathematical
analysis as well as discrete event simulation can be an effective tool to investigate and
understand the behaviors of the retailers. Finally, one can observe the impacts of
cooperation between players by analyzing how the cooperation among players affects the
best order quantities.
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